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Introduction
Passive and Active Detection
Goals of Presentation

Introduction — cont’d

Goals of presentation

@ Design optimal active detector and input signal generator for
jump Markov linear Gaussian models

@ Derive optimal active detector and input signal generator for
discrimination between several linear Gaussian models

@ Discuss two suboptimal design techniques
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Problem Formulation

Problem Formulation

Stochastic discrete-time system at time k € 7 = {0, 1, ...

Xk+1 = AMxk + B#kuk aF Guka
Yk = Cukxk T Huk"k

[x], k] T _ system state, xx € R™, g € M = {1,..., N}
ux € Uy CR™ —input, yx € R — output
NA{wy : 0,1} — state noise, N'{v : 0,1} — output noise
N{xo : Xp, Py} — initial condition
Pij = P(pk+1 = jlpk = i) — transition probabilities
P(u0) — initial condition
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Problem Formulation

Problem Formulation — cont’d

Active detector and input signal generator at time k € 7

MEO

dix € M — decision (point estimate of 1)
Pk (+) — unknown generally nonlinear function

Ik: k

yé‘, uofl7 dé‘*l} — information received up to time k
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Problem Formulation

Problem Formulation — cont’d

Design goal

The aim is to design an active detector and input signal generator
(i.e. sequence of functions p,) that minimizes average losses/costs
caused by wrong decisions.

(po) _E{ZL (1, i) }—>min

L3 (pak, di) — loss (cost) function that satisfies condition
Lk, i) < L(pk, die), Vi, ik € M, di # pe, Ik <—<
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination
Suboptimal designs for model discrimination

Optimal Design

Backward recursive equation

V,j (yo,ug 1) _dmem E{Lk (,uk,dk) ]yo,u dk}

min E{ Vi (v6*ub) Ive,uf |

uy, EU

Vi <y0, ug~ 1) — Bellman’s function (expected costs)

V,’_'—‘+1 = 0 — initial condition for recursion

J (pg*) = E{V{ (yo)} — optimal value of the criterion
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination

Suboptimal designs for model discrimination

Optimal Design — cont’d

Optimal active detector and input signal generator

i d k o k—1
uy arg min E{Vl:rl (YSH,ué) \yg,ué}

uy, EU

The optimal decision d; minimizes current average costs, and the
optimal input uj; minimizes future average costs.
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination

Suboptimal designs for model discrimination

Problem of Model Discrimination

@ Original formulation applies
@ Additional assumptions
o There is no switching between models

Pij= ! ?f I :J
| 0 ifi#j.
o Only the terminal decision df is of interest

1 ifdi£uAk=F,

LS (puk, di) =
k (1, de) 0 otherwise.
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination

Suboptimal designs for model discrimination

Optimal Design for Model Discrimination

Backward recursive equation at time step k = F
Vit (v, uf 1) = min E{1 (ur,dr) Iy6, uf 1 dr b+
dreM

: * F+1  F\ \vF oF
ly E{VFJrl (Yo :Uo> |YO7UO}
urEUF

0
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Optimal Design for Model Discrimination

Backward recursive equation at time step k = F

Vi (v6.u6 ") = min E{LF(nr. dr) Iy§.uf " dr }

di —arg min E{L} (ur. de) Iy6 uf . dr |

up =7

According to the chosen cost function L% (1, dr), the optimal de-
cision dp corresponds to a model with maximum a posteriori prob-
ability. The optimal input uz can be pick out arbitrarily.
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Optimal Design for Model Discrimination

Backward recursive equation at time steps

0
V/j (yg’ugi:l) :dTGI./Q/lE{L‘; (:U/k',dk) ‘Y(l)(vuéiledk}_i'
min E{V* (kH,uk) k,uk}
el k+1 \ Yo 0) |yo,ug
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Optimal Design

Problem of Discrimination between Models — Assumptions
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Optimal Design for Model Discrimination

rd recursive equation at time steps

Vi <y6<7u(l)<—1> = min E{V;Jrl <y(l)<+17u(l)<> \yé‘,ué}

uk EU
di =7
. . k+1 k k |k
u; =arg min E{V,f+1 (yo ,Uo) |YOau0}
ukeL{k

The optimal decision d can be chosen arbitrarily, but the optimal
input uj minimizes expected future average costs.
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Optimal Design

Problem of Discrimination between Models — Assumptions
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Suboptimal Designs for Model Discrimination

Suboptimal design techniques

© Design based on upper bound for Bayesian risk

o Interchange of minimization and expectation operators
o Replacement of Bayesian risk by its upper bound

© Design based on /-step rollout policy

o Numerical computation of Bellman’s functions over ¢ steps

o Replacement of true Bellman’s function V}, (yé“, ugH*l) by

a function Vi (yg™',ug™ ') computed using a suboptimal

policy (the so called base policy)
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Optimal Design
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Suboptimal designs for model discrimination

Design Based on Upper Bound for Bayesian Risk

Interchange of minimization and expectation operators

@ Subsequent substitution of Bellman's functions
VE— ... =V —. .. = V=W

V5 (o) = min E< min E<... min E{}...|yg,ug
o (yo))= min Eq min Es.. min E{}...|yo,up ol¥o,uo

@ Interchange of minimization and expectation operators

Bayesian risk e(yg,ugfl)

Vs (yo) < :;ml/dmm E p (¥5Iyo,ug ", 1r) P(urlyo)dyf
0 RFny HF=1
HFFdF
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Optimal Design

Problem of Discrimination between Models — Assumptions
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Suboptimal designs for model discrimination

Design Based on Upper Bound for Bayesian Risk

Implications of interchanging min{-} and E{-} operators

@ "Simple” static optimization problem need to be solved
@ Inputs are designed using Open Loop Strategy

@ The problem considered in [Blackmore, L. and Williams, B.C.
(2006). Finite horizon control design for optimal discrimination
between several models.] is obtained

Notes on Bayesian risk

@ It expresses a priori probability of a wrong decision

@ Distributions p <yf|yo, ugfl,,u,:> are Gaussian

@ It cannot be evaluated analytically
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination
Suboptimal designs for model discrimination

Design Based on Upper Bound for Bayesian Risk

Upper bound for Bayesian risk €(yo

N-1 N
(yo5 ) <30 3 VP lur = ly0) Pluar = Jlyo) e 2
=l gl

D;; — Bhattacharrya distance between p (yf|yo,u ', ur = i) and
p (yElyo,ug ", pr =)
@ The function D;; is a convex quadratic function of uf ~*

@ Numerical constrained optimization can be used
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination

Suboptimal designs for model discrimination

Design Based on Upper Bound for Bayesian Risk

lllustration of upper bound and Bayesian risk for two models
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P(y1lyo,[uo, 1= 2) P = 2|yo)
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Optimal Design

Problem of Discrimination between Models — Assumptions
Active Detector and Input Signal Generator Design Optimal design for model discrimination
Suboptimal designs for model discrimination

Design based on £-step rollout policy

Numerical computation of Bellman's functions over ¢-steps

@ The space of inputs is discretized for continuous sets Uy
@ The criterion value is computed for each point of the grid

@ The optimal input is found by criterion values comparison

k+1 k+l—l)

Replacement of the true Bellman’s function V" /(y,™", ug

N

N—-1
Vi () =V () = min 37 37 e /P (ur= i) P (e = 1)

Yl =1 j=i+1
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Numerical Example

Numerical Example

Discrimination between two models

Mk A b#k 8k o h#k

1 -09 1.0 1v/0.5 1.5 1v/0.5

2 0.5 1.5 1v0.5 1.5 V0.5
@ Detection horizon F = 2

Initial conditions P (uo = 1) = P (uo = 2) = 0.5, X = 0 and
Py, = 0.1
Set of admissible input U, = {—0.1,0.1}, Vk € T

Length of optimization horizon ¢/ =1
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Numerical Example

Numerical Example — cont’d

Result of 1000 Monte Carlo simulations

Design method J varJ Time [s]
Optimal design 0.3300 2.4380E-4  53.4573
Rollout policy 0.3350 2.4116E-4 1.1104
Bayesian risk (BR) 0.3380 2.3843E-4  6.0872
Upper bound for BR 0.3430 2.2756E-4  0.0085
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Concluding Remarks

Concluding Remarks

@ Both suboptimal designs were derived from the optimal design
by taking some approximations

@ |t was shown that the approach proposed by L. Blackmore and
B.C. Williams can derived from the optimal design using two
subsequent approximations

@ The quality of detection can be improved using the /-step
rollout policy
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