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HYPOTHESES ABOUT EXPONENTIAL MODELS I

LUCIE FAJFROVA

ABSTRACT. We present the first part of report about the research concerning appli-
cations of Rényi divergences in testing hypotheses about exponential models. We
focus on testing simple hypotheses about parameters in the case when our observa-
tions are independent and governed by a distribution of an exponential type. One
can find here the theoretic part and a description of the testing algorithm. In the
theoretic part we summarise basic terms and statements concerning testing using
the Rényi divergence statistics. The description of the algorithm then can be used
as a simplified software documentation. Moreover, a detailed list of treated distri-
butions can be find in the Appendix.

1. INTRODUCTION

In this report we deal with divergences of real orders r > 0 introduced by Rényi
[R61] for probability measures P, Py with densities f, fy on a o-finite measure space
(%, A, n) by the formulas:

1
DoPPy) = =t [ 775 d,
forr # 1, and
Di(P, By :/fmfi dp (1.1)
0

where the integration extends over {z € X : f(z) + fo(z) > 0} and the integrand is
assumed to be infinite if the numerator is positive and denominator is zero. Under
some restrictions on P, Py he established the continuity

hHllDT(P, PO) = DI(P7 PO)
Later, Liese and Vajda [LV87] generalised the Rényi divergences to all real orders
r € R by the formulas (1.1) and
Do(P,Py) = D:i(P,P) (1.2)

1
D.(P,Py)) = mln/frfg*T du, (1.3)

for r # 1,r # 0, where the convention about integrands are: 0-y = 0if 0 < y < 00
and y/0 = 00 if 0 < y < oo. These authors also precised and extended the continuity
law to all P, P, as follows

h/‘InlDT(P,PO):Dl(P,PO)

and noticed the skew symmetry about the order r = 1/2,

D7'(P07P):D1—7'(P7P0)7 r€R.
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The only Rényi divergence which is symmetric for all P, P, is that of the order
r=1/2,

Dy ja(Po, P) = Dy ja(P, Py) = 41n / N

It was introduced already by Bhattacharyya [Bh46] and is known as the Bhat-
tacharyya distance, see e.g. Zachs [Z71]. Another known members of the gen-
eralised Rényi divergence class are the information distances (Kullback distances)
(1.2) introduced by Kullback and Leibler [KL51].

The Rényi divergences are traditionally applied in the testing hypotheses about
statistical models with independent observations (see e.g. [MPV97] and references
therein), about random processes (see e.g. [P74] or [V90]) and also about random
fields (see e.g. [J88]).

Morales et al. [MPVO0O] for the first time pointed out that the Rényi divergences
between theoretical and empirical distributions from general exponential models
take on very simple form and that they are therefore suitable for testing hypothe-
ses. They illustrated this by testing simple hypotheses about exponential random
processes. In Morales et al. [MPPV04] this method was extended to composite hy-
potheses about exponential random processes, in particular about Lévy processes.

The aim of our research is to verify practical statistical applicability of the gen-
eralised Rényi divergences and the related Rényi statistics in testing hypotheses
about independent exponential models, and also about exponential random pro-
cesses and random fields. In this report we summarise the main results of this
research achieved in the period 2005-2006. We expect to continue this effort in the
future and summarise the more recent results in a subsequent reports.

Our research is mainly based on the results of [MPV00], [MPPV04] and on the
theoretical background concerning statistical exponential families provided by the
monographs of Brown [Br86] and Kiichler and Sgrensen [KS97]. For the sake of
completeness, in Sections 2-4 we summarise the basic concepts and facts estab-
lished in these references which are relevant for our research. In Section 5 the
detailed results of our research, focused on models with independent observations,
are presented. At the end of this report an appendix containing a list of basic expo-
nential distributions is attached.

2. NATURAL EXPONENTIAL FAMILIES

We consider exponential families in the so-called natural forms. Let X be a metric
observation space with the Borel field .4 of events and p a o-finite measure on A.
Further, let T' = (17, ..., T;) be a measurable mapping from X to R¢ and © C R the
set of all § = (64, ..., 04) for which

c(9) :/xexp{ﬂ/T(x)}du < o0

where ' denotes here and in the sequel the vector or matrix transpose and we as-
sume column vectors. As well known, cf. [Br86], the set of natural parameters O is
convex and the cumulant generating function

k(0) = Inc(0)
is convex on O and infinitely differentiable in the interior ©.

By an exponential family of densities we mean the set &€ = {fy : § € O} of
probability densities given by formula

fo(x) = exp{0'T(x) — k(0)} 2.1
for every x € X.
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Exponential families £ of densities are specified by pairs (7', ). We restrict our-
selves in this paper to the pairs for which £ are minimal in the sense that densities
corresponding to different parameters cannot p-a.s. coincide, see e.g. [Br86, p.2].
In these families the model is identifiable by the parameter and the function « is
strictly convex on ©. By [Br86, Th.1.9] this restriction means no loss of generality.
Further, we consider only the families £ which are regular in the sense that O is
open, see again [Br86, p.2].

Denote by L (% %),
S \96, 7 9y
the vector of first derivatives of «, & : © — R<, and by
0%k
K = 1<i,7<
g (aez-aoj <irj < d)

the matrix of second derivatives of «, i : © — R?,

Lemma 2.1. If X ~ fgand fy € £ = (T, u) then
ET(X)=#i() and  VarT(X) = i(6). (2.2)

Proof. By [Br86, Th.2.2], the conditions for differentiation behind the integrals
/ O dy - and / (T(x) = &(8))e” =5 dy
x x

are satisfied. Since f; is a probability density, [, e 7@ ~*) dy = 1 and then

/ (T(z) — i(0))e? T =) gy = 0 € RY
X

0
D070

on the last identity - componentwise, we obtain the second relation. O

The last identity provides the first relation of (2.2). By applying operator (
d
)

Since & is strictly convex on O, the mapping # : © — RY is invertible, let us
denote by 7! its inverse, and the Fisher information i(f) is positive semidefinite.
Taking into account the minimality of £, one obtains that it is, in addition, positive
definite and therefore K, the range of #, is an open convex subset of R?. By [Br86,
Th.3.6] and [Br86, (2) on p.145], the observation z € X with T'(x) not in closure
of K are of y-measure zero, i.e.

w(T € RN\CcK) =0.
Of particular interest are the families £ which satisfy the stronger condition:
w(T € RA\K) = 0. In such families
P(T(X)ebdK)=0 for X~ fy foreach 0c®©. 2.3)

Differences between probability densities from an arbitrary family (fy : 6 € ©)
defined w.r.t. a o-finite measure p on X can be characterised by the Rényi diver-
gences, cf. Rényi [R61], Csiszar [C95]. As started in Section 1, Liese and Va-
jda [LV87] introduced the extended class of Rényi divergences for densities fy, fg,
given by formulas (1.1), (1.2) and (1.3). They proved that for densities fy, fo, €
& = (T, p) with the cumulant generating function « the Rényi divergences are ex-
pressed by

oy R+ (L= 7)) —ra(8) = (1= r)s(B0)]
Dr(6,00) = if r0+(1-r)fecO (2.4
00 otherwise

forall real r # 0, r # 1, and
Dy (9, 90) = 5(9)’ (9 — 90) + /i(eo) — m(@) (2.5)
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For example,

er0t1=m00 _pef _ (1 —)efo B AATT = 1A — (1 —7)Xo
r(r—1) o r(r—1)

is the Rényi divergence D,.(d,6) of Poisson distributions P, P, (where \ = ¢’ and
o = e are the corresponding rates), for all r different from 0 and 1, and

A A
(9—90)694—690—69:)\(70—1—11170)

is the Kullback-Leibler divergence D(6, 6,).
If 0y is in interior © then the distance

8.(60) = jnt 60— 0]

of 6y from the complement of © is positive (infinite if © = R?). The following
assertion is obvious.

Lemma 2.2. If § = 6, then the upper formula in (2.4) holds for all r € R\ {0, 1}.
If 0 # 6, then the same formula holds for all r € R\ {0, 1} which satisfy the condition
A (6o) A (6o)
- <r< .
160 — 0| |60 — 0|l

3. CONVERGENT EXPONENTIAL FAMILIES

We shall consider exponential experiments such that the size ¢ of observations
may come from an arbitrary directed set 7. Set 7 is called directed if it is partially
ordered and every finite subset is dominated by an element from 7. Typical exam-
plesare 7 = {0,1,2,..} or 7 = [0,00)¢ or 7 = {..., —1,0, 1, ...}%. For a generalised
sequence (x:):e7 With values in R we define lim; 2; = «z if for every ¢ > 0 there
exists t. € 7 for which ¢ > t. implies ||z; — z|| < e.

Let & = (T3, 1) be a generalised sequence of exponential families assumed in
Section 2, with the corresponding measure spaces (X, 4;, ), functions ; and
with a common natural parameter space © = ©;. For simplicity we shall assume
that also the range KC € R? of functions #; is common. This way we may represent
observations on random sequences, processes and fields. This will be apparent from
the examples bellow.

As argued in the previous section, #; is a homeomorphism of © and XC, where
cl K is the support of statistics T3 = T;(X;) for observations X; distributed by any
density fy, from &;. By choosing a fixed 6. € R? and putting

E7l(y) =0, forally e R4\ K (3.1)

we obtain an extension of functions #; ! on the whole space R.
Define the estimator

ét = ét(Tt) = K,t_l(Tt) for Tt = Tt(Xt) (32)

As easy to verify, fér, (X¢) = maxy fo (X;) whenever the maximum exists. Think-
ing about density fgyt’ as about a function of § € O then we call it the likelihood
function. Therefore (3.2) can be viewed as a maximum likelihood estimator (MLE)
of the parameter 6, figuring in the distribution density of the observation X;.

Obviously, if family &, satisfies (2.3) then (by results mentioned in previous sec-
tion) P(T; ¢ K) = 0. Since the MLE for data X; exists if and only if 73 = T;(X;) € K,
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it implies that §, maximises the likelihood almost surely. We shall assume a weaker
condition than (2.3) is, namely,

thm P(Tt S bd/C) =0 for Tt = Tt(Xt), Xt ~ feo_’t € Et. (33)

Under this assumption,

t—o0

hm P (fét,t(Xt) = m;%ngﬁt(Xt)) =1.
Let us now suppose that there exists a generalised sequence v; , co for which

lim e(0)
t Yt
By [Ro70, Th.10.8], x(6) is convex on © and the convergence is locally uniform. By
[Ro70, Th.25.7], if x(0) is differentiable then also

Fa(6) LAY
vt 90, 06,

and this convergence is also locally uniform. If x(6) is moreover strictly convex and
infinitely differentiable on O, then (0) is invertible and differentiable on ©. In the
following definition we consider 4! extended on R? by means of the same 6, as in

(3.1), and the matrices i () and their inverses #(6) 1.

= k() forall 8 € ©. (3.4)

lign = k(6) for all @ € ©,where i = < (3.5)

Definition 3.1. A generalises sequence & = (T, ut), t € T, of exponential models
under consideration is said to be convergent if (3.3) and (3.5) hold for ~; and x(0)
specified above and, moreover, take place the locally uniform convergences

11%11 Ht’y—(f) =k(0) foralldeO (3.6)
and
lim b (wy) =A"Yy)  forally € RY, (3.7
as well as the law of large numbers
11%11 Tt%tETt =0 in probability (3.8)
and the central limit theorem
lign TtT’YItETt = N(0, (6o)) in distribution. (3.9

For convergent exponential models &, (3.6) implies

lim k()P =k()"'  foralld € © (3.10)

in the locally uniform sense. Further, for these models (3.3) implies
lim P(T} ¢ K) = 0.

Since this report presents only asymptotic results, we are interested in “large” ¢, for
which events [T} ¢ K] are “almost impossible”. Therefore in the rest of the report we
neglect these events, i.e. in all formulas and arguments we tacitly assume 7} € K.
This considerably simplifies the following text. On the other hand, in each case the
eventuality T3 ¢ K can be discussed separately, and an obvious additional effort
leads to the extension or standart modification of formulas and arguments valid
also under this eventuality. For example, in this sense 0, is considered to be MLE,
as explained already after its definition (3.2).
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Lemma 3.2. If the exponential model &; is convergent then the MLE given by (3.2) is
consistent, i.e. R
1i¥n |16: — 6p]| =0 in probability.
Proof. By Lemma 2.1, (3.3) and (3.8)
T
lim T = FulBo) _ 0  in probability.
t Yt
Hence (3.5) implies

T;
lim = — () = 0 in probability.
tY
It follows from here and from the locally uniform convergence in (3.7) that
- . . T; .
Ky 1(Tt) =k ! <’Yt (’1(90) + ’y—: — li(%)))
converges in probability to 6. O

Lemma 3.3. For convergent exponential models the MLE (3.2) is asymptotically nor-
mal in the sense that

lim Ve (6: — 60) = N(0,#(60)"")  in distribution.

Proof. By Lemma 3.2 and (3.2)

Zt — Tt — ETt and Y; — H(Ht) - 5(90)
VIt Ve

coincide. By the mean value theorem there exists 6, on the line joining 6, and 6,
such that o o
K(6:) (0: — 0 K(0:) (6 — 0
y, — F(0) (0 O)ZW(t)(t 0)
Na Ve

5 Loz —1
VA (0r = 00) = i(0:)  Zy

where 6, tends by Lemma 3.2 in probability to 6. The desired assertion thus fol-

lows from the locally uniform convergence in (3.10) and from (3.9). O

ie.

Let k; be an increasing sequence of natural numbers. We say that an estimator
0; is consistent of order k; if

lim limsup P(k:]|0; — 00| > v) = 0.
V—00 t

For example, the MLE 6, is under assumptions of Lemma 3.3 consistent of order
ke = \/7-

Lemma 3.4. Let the models under consideration be convergent and let 0; = 0} (X;),
0? = 02(X;) be two estimators consintent of order k;. Then for every r € R the Rényi

divergence D, = D,(.t) satisfies the asymptotic relation

2
lim k2 | =D.(0},07) — (0f — 07)'i(00)(6; —07)| =0  in probability.
Tt
Proof. Let us consider » € R\ {0, 1}. From the consistence of estimators and from
Lemma 2.2, it follows that D, (6},62) = D" (6!, 62) is given by the upper formula
in (2.4), where x = x; now depends on ¢, with probability tending to 1.

In the rest of proof we assume that the upper formula in (2.4) holds. By the
mean value theorem and Taylor expansion it holds for every h € R¢

1
/it(tgo + h) = Kt(tgo) + hlkt(eo) + ih//it(tgh)h
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where, here and in the sequel, 8, denotes a point from the line joining 6y and 6y + h.
Then (2.4) implies for 0} = 6y + o and 6? = 0y + 34, and for & = ra; + (1 — )3

DT(9t159t2) _ 1 5{/@(9&)& 77”04’%15(90%)0“ 7(1ir)6£kt(9ﬁt)ﬁt
Yt T(T — 1) 2’)/,5 2’)/15 2’)/15

Let Z; differs from D,.(0},6%)/~: by replacing all information matrices #(-)/y: in
the last formula by the differences &.(-)/y: — ¥(6y). Then

D, (6;,67) (ot — Br) f-”»(f)o) (ar — Bt)
Tt

If max{[[at|, |B:]|} < e, and if I'(e) = Sup{lft(~)/% —&(0o) & [|0 — ol < e}
then

=7+

Hmt + (1 =7)Bel” + Irlllae ] + 1 = r[[|B:]
2|r| |1 —r|

|Z:| < Ty(ey)

By the Minkowski inequality
lroe + (1= )Be]|* < r?lael* + (1= r)?[1Bell* < (r* + (1 = 1)?) €F,

so that el | 1
T+ r—1]+
Zi| < 2r - )
70 <einieog (g + )
If
(Y
t s

for y positive and C,. stands for the constant on the right-hand side of the last upper
bound for | Z;|, then

k2 Z,| < y°Ty (%) C,  for all y positive.
t

The locally uniform convergence in (3.6) implies lim; I';(y/k:) = 0 for all y > 0.
The consistence of order k; means that, by selecting sufficiently large y > 0, one
can keep the probabilities of the event

max{||a ], || B[]} < k% ie.  max{ke||6; — boll, kell6F — 0o} <y,

arbitrarily close to 1 uniformly for all ¢ large enough. By combining these facts one
obtains that for every 6 > 0 there are y > 0 and ¢, such that, with probability arbi-
trarily close to 1, t > to implies k?|Z;| < J. The desired assertion is clear from here.

|

Example 3.5. Li.d exponential observations.
Let 7 = {1,2,...} and £ = (T, 1) be an experiment considered in Section 2 with
T:X—R.If (%t,At) = (%t,At) then for Et = (Tt7/1/t) with Mt = /J/t and

t
= ZT(XZ-) for X; = (X1, ..., X;)

one obtains
K (0) = tr(9), ki(0) =tk(0) and i.(0) = ti(0).
The convergence conditions thus hold for v; = ¢. The MLE in this case satisfies the
relation ,
A 1
_ -1 ,
0, = i (2 ;T(XZ)> , (3.11)

provided the arithmetic mean is not in the boundary of range &. o
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Example 3.6. Dependent Gaussian observations.

Consider a sequence of real numbers ¥, y2, ... and a Gaussian random sequence
(Z; : i > 1) with zero means and regular covariances C;;. Let Py, 6 € R, be
probability distributions of observations

Xi =0y +7Z;, i > 1,
onthespace X = RxRx.... Lett € 7 = {1,2,..}, yt = (y1,---,Yt), Lt =
(Z1,...,%Z;) and Cy, = (Cyy) Then one easily obtains for the distributions
Py of Xy = (X1,...,X;)
dPy
dPo ¢

Thus these models are exponential with the observation spaces X; = R, u; = Py,
and

1< j<t®

(X¢) = exp {—% (X = Oy:) C7t (X — Oyy) — X, C Xt]} :

Tt:Tt(Xt) = Y,/gct_lxt
92/ —1
ke(0) = EYtCt Yi
Let
pt::y,’fCt_lyt — 00 ast — oo.
Then

Ht(e) = Hpt and /ﬁt(e) = Pt,
and strong regularity conditions hold for v, = p;, x(8) = 62/2, i(0) = 0 and
K(0) = 1. The MLE is in this case given by the formula
é Tt o y;C{lxt '

, = L =
Pt Pt

If X, is distributed by Py, ; then
T, = Oopr +y; C; ' Zy

where y, C; ' Z; ~ N(0, p;). It follows from here that the models &; are convergent
with Yt = Pt- o

Example 3.7. Diffusion processes.

Let X = C0,00) and let Py, 0 € R, be distributions of diffusion processes (X :
s > 0) defined by the stochastic differential equation

dXs =0a(s)ds+dWs, s>0,

where a : [0,00) — R is continuous and W is a standard Wiener process. For each
t € R™ and for the distributions Py ; of segments X, = (X, : 0 < s < t) one obtains

dPy K 02 [,
“(X,) = 0 dXs — — ds .
dPo,t( t) exp{ /0 a(s) 5 /0 a®(s)ds

Thus the models with

t 92 t
T, = Ty(Xy) = / a(s)dXs, e = Poy and ki(0) = = / a®(s)ds
0 0

2

are exponential. The situation is similar as in the previous example. If we put
P = fot a?(s)ds then we obtain the same formulas for %, and i, as before. Also if
lim; p; = oo then the convergences considered in (3.6) and (3.7) take place for the
same -y, k, £ and ¥ as before. The MLE is given by the formula

t
s T Jo als)dX,

0; =
Pt Pt
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If X, is distributed by P, ; then
t
Ty = Oopy +/ a(s)dWs
0

where fot a(s)dWs ~ N(0,p;). Since fg a(s)dWs/p: tends in probability to zero,
(3.8) and (3.9) hold. So the experiments &; are convergent with v; = p;. o

Example 3.8. Poisson processes.

Let us consider 7 = [0,00) and let X = (X : s > 0) be the Poisson process with
Xo = 0, intensity e’ for # € © = R. Let P, be the probability distribution of X
on the Skorokhod space (X, .4) of realisations of this process. Finally, consider the
right-continuous filtration (.A;) generated by X and denote by P, ; the restriction of
Py on A;. Then the distribution density of the observations X; = (X, : 0 < s <'¢)
can be specified by the formula
j}lzzz = exp {9 X — t(e‘g — 1)}
(see e.g. [GS75]). Hence we face here the system of exponential experiments
Et = (Tt, P01t>,t S T, with

Tt(Xt> = Xt and /{t(ﬁ) = t(ee — 1)

It is easy to see that
0; = 0,(X;) =In <%>
is the MLE of the true parameter 6y € R. If X, is distributed by P, ; then
X, ~ Po(e?t).

It follows from here that (3.6) - (3.9) hold and the experiments &; are convergent
with Yt = t. o

4. SIMPLE HYPOTHESES

The hypotheses testing problem studied in this section can be formulated as fol-
lows. Let the observed data X, be distributed by a density fy, : from an exponential
family & = (T3, ) and let the generalised sequence &;,t € 7, be convergent in
the sense of Section 3. Let the tested null hypothesis Hy be specified as a subset
O of the parameter space © common for all families &. The problem is to find a
generalised sequence of test statistics

St = St(Xt) : %t — R
with a known asymptotic distribution F' on R, identical for all hypothetical values
0y € Op.
In this section we solve the problem of testing simple hypotheses Hy = {6} by
using the collection of Rényi statistics

D,.; = 2D (0,,00) = 2v,D, (6, 60) 4.1)

where fo) (ét, 0y) are the Rényi divergences, given by (2.4) and (2.5) with k = k;
depending now on ¢, between the most likely distribution P; , defined by (3.2) and
the hypothetical distribution Py, ;. The third term in (4.1) shows that the Rényi
statistics can be expressed also using the parameter +; of convergence figuring in
(3.6) - (3.10) where D, (+,-) are given by (2.4) and (2.5) with « the limit function
presented in (3.4).
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In the following theorem, x7 stands for the y?-distributed random variable with
k degrees of freedom.

Theorem 4.1. Let &;,t € T, be convergent. Then under any simple hypothesis Hy =
{00} C ©, where © C RY, all Rényi statistics (4.1) converge in distribution to X2

Proof. By Lemma 3.3, 0, is consistent of order V/:- The “estimator” 0, := 0y is
consistent of the same order. Therefore, in view of Lemma 3.4, it is sufficient to
prove that under Hy
Yy i=v(0y — 00) % (00) (B — o)
converges in distribution to x?3.
By Lemma 3.3, \/7; (6; — 6o) converges under Hy in distribution to N(0, i(6y) ).
This means that

d
tliglo Y, = z; Z; in distribution,
i
where Z; are independent and y2-distributed random variables. a

Theorem 4.1 provides a continuum of asymptotically a-level tests of the hypoth-
esis Hy = {6y }. The test with statistic D, , and critical value ¢, equal to the (1 — «)-
quantile of x2 for a € (0, 1) will be called Rényi (r, a)-test. If the asymptotic size «
is fixed in advance then we speak simply about Rényi r-test.

Remark 4.2. The well known likelihood ratio test of Hy = {0y} uses the generalised
likelihood ratio statistic

foo,t(X¢)
fét_,t(Xt) ’

where 0; = 6,(X) is the MLE of 6. Using the explicit formulas for densities fs,,; and
4,1 from & we obtain that

Qr = Qi(Xy) = —2In

Q=2 /it(tgo) - Iit(ét) + Tt/(ét — 90) .

Since T, = n(ét) it follows from (4.1) and from formula (2.5) for Dgt)(ét, o) that
Qi = Dy ;.

This means that for any « € (0, 1) the Rényi (1, «)-test coincides with the asymp-
totically a-level generalised likelihood ratio test. Note that in accordance with sim-
plification which we formed under definition 3.1, we assume here for simplicity
that T} = Ty(X;) with X; ~ fp,: takes on the values in set K considered in (3.3),
the probability that 7} is not in K is negligible for ¢t € 7 of our interest.

The choice of the most appropriate r-test must be based on additional optimality
criteria, e.g. on the test powers under local alternatives. Below we introduce an
approach based on calculation and comparison of test powers for alternatives from
a neighbourhood of Hj.

5. ALGORITHM FOR A SIMPLE HYPOTHESIS AND INDEPENDENT SAMPLES

Let us consider a statistical model with independent identically distributed ran-
dom variables X1, ..., X,,. Assume that the distribution of X is from an exponential
family £ = (T, 1) how they were introduced in Section 2 with X = R* or X = N*
(k stands for the dimension of random value X;). Recall that for this case

T : X — R% and p is a measure on X,

k:RY =R, k() =In [, exp{6 T(z)} p(dx) for everyd € © C R™.
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We can also consider whole observation X,, = (X3, ..., X,,)" as one vector and
use the notation from Example 3.5 for a sequence of exponential families &,,.

Our aim is to design an algorithm which, for a data coming from the described
model X1, ..., X,,, makes the following statistical decisions:

1. to estimate parameter ¢
2. to test a simple hypothesis Hy = {6} against the double-sided alternative

3. to identify the model; i.e. to choose the most fitting one from a given finite
set of possible parameters.

The first task consists simply in finding the MLE 6,, which we obtain as the solu-
tion of the following equation

. RS
i(0) = = > T(X), (5.1)
cf. (3.11). =t
The main task (the second one) is the construction of Rényi (r, «)- tests when an
asymptotic test level « € (0,1), a finite set R of Rényi orders and a hypothetical
value 6, € O are given. This task also includes an optimisation among these (r, «)-
tests with respect to r € R for a fixed level «. We have chosen an approach based
on a comparison of exact test powers which are calculated for a representative set
of alternatives ©; from a neighbourhood of Hy, = {f,}. Let us denote by

= a(a,7,00,n) = Poy n(Drpn > Ca),

= (b(a,r,@,n) 10 e @1) = (Pgﬁn(Dryn >cq):0€ @1)

exact test levels and exact test powers, respectively, where c,, stands for the critical
value (equal to the (1 — «)-quantile of x?2) and D, , are the appropriate Rényi
statistics (4.1). Either we are able to find values a, b for the given distribution or
we numerically evaluate a, b by using statistical simulations (Monte Carlo method).
If we choose set of alternatives © of size m and we set

01 ={601,....0}
then we have for each order r € R a vector (a(r), b(r,0;), ...,b(r,6,,)) to compare.
We employ the relative inefficiency method which says:
e compute relative inefficiency 7(r, 0;) = sup,..c b(r*, ;) — b(r,6;) for each
re€Randforeachl1 <i<m

e then compute the maximum over alternatives from 05,
n(r) = sup;<;<,, 1(r, 0;) for each r € R,
e and, finally, find the value r* which minimises {n(r) : » € R}.
On the basis of this optimisation we select the Rényi (r*, a)-test which we use for
the final decision:
we reject hypothesis Hy = {6y} on the asymptotic level o if Dy« ,, > cq.
The third task is independent on the second one. It represents a classification

problem since it assumes that we have an a priori knowledge about the real param-
eter, particularly assumes that the true parameter is from a set

Oy = {01,..0.).

We can compute for every r € R and every 6; € O, the Rényi divergence D,.(én, 0:),
given by (2.4), between the most likely distribution using MLE 6,, and the hypothet-
ical distribution with parameter 6;. Let us choose, for each fixed order r € R, the
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Rényi divergence with the minimal value. It means, we obtain a mapping

s r = 1 (5.2)
R — 1,..e

selecting for each order of Rényi divergences one parameter from ©-. If a majority
of Rényi divergences will be minimal for the same one of parameters from ©,, i.e.

there exists ¢ such that #{r € R : s(r) =i} > #{r € R : s(r) # i}, (5.3)
then we decide that
the date come from the model with parameter 0;.

Our algorithm solve the described tasks for the following list of distributions:

1 - Bernoulli 14 - Lognormal

2 - Binomial 15 - Double exponential
3 - Poisson 16 - Weibull

4 - Geometrical 17 - Reyliegh

5 - Negative binomial 18 - Maxwell

6 - Multinomial 19 - Pareto

7 - Exponential 20 - Modular

8 - Gaussian 21 - Inverse Gaussian

9 - Gaussian mean-known 22 - Inverse gamma

10 - Gaussian variance-known 23-x3

11 - Gamma 24 - Dirichlet

12 - Gamma p-known 25 - Bivariate Gaussian.
13 - Beta

See Appendix for a list of these distributions with a detailed description of their
parameters and their exponential representations.
In the rest of this section we introduce successively
* constants
* input variables
* derived variables
* calculation

1

* outputs
of the algorithm.

CONSTANTS
=11 ... the number of used Rényi orders;
R=(-2;-1.5;-1;...52;2.5; 3) ... the vector of used Rényi orders,
size: 1 x I.
INPUT VARIABLES
X ... thedata, size: k x n for distributions 6, 24, 25,
1 x n otherwise;
dis ... the type of distribution, dis € {1, ..., 25}, see the list above;
p0 ... the hypothetical parameter when the density is considered in its
original form (see Appendix), size: d x 1;
@ ... the asymptotic test level, « € (0, 1), the default value is 0.05;
pl ... the user-choice of alternatives from a neighbourhood of p0 (acts in
the calculation of test powers), size: d x m, for default values see h1;
p2 ... parameters for the identification of model, size: d x e,
(again consider the density in its original form);
next .. for some of distributions (dis € {2,5,6,9,10,12,16,19}) a known

value of a next parameter is needed, size: 1 x 1.
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DERIVED VARIABLES

n ... the size of data;

k ... the dimension of data, k is arbitrary positive natural for dis = 6 or 24,
k = 2 for dis = 25 and k = 1 otherwise;

m ... the number of alternatives for which test powers are calculated,
the default value is 20;

e ... the number of parameters from which the model is identified;

m ... m+ 1, the number of alternatives plus hypothesis;

hO ... the hypothetical parameter 6, if the density in its exponential form is
considered, a transformation (see Appendix) of p0, size: d x 1;

h ... the borders of interval © of possible values for parameter 6 of the
given distribution, size: d x 2;

hl ... the choice of alternatives, hl is either a transformation of pl or
a default choice obtained as a function of dis, h0 and h, size: d x m;

h2 ... atransformation of parameters p2 into the form of exponential
density, size: d X e;

hh ... alternatives hl together with hypothetical parameter h0, size: d x m.

CALCULATION

At this moment, when a distribution dis is given, we need to know a particular
form of appropriate functions T', x, # which appear in the exponential density of the
given distribution and also a particular transformation function = which transforms
parameters of the density in its exponential form into parameters of the original
density. It means we need a mapping which for each value dis picks up these appro-
priate functions. In the algorithm, there are used following algorithm-functions.
An input variable each of them is surely variable dis and therefore it is no need to
emphasise this fact in what follows.

BASIC FUNCTIONS
function TE: input has size k x n, output has size d x n,
purpose: on each column of input (of data nature) function 7' is applied
and the result is put down in the appropriate column of the output;

function KAPPA: input has size d x w, output has size 1 x w, w € N,
purpose: on each column of input (of parameter nature) function « is ap-
plied and the result is put down in the appropriate column of the output;

function DKAPPA: input has size d x w, output has size d x w, w € N,
purpose: on each column of input (of parameter nature) function # is ap-
plied and the result is put down in the appropriate column of the output;

function PI: input has size d x w, output has size d x w, w € N,
purpose: on each column of input (of parameter nature) function 7 is ap-
plied and the result is put down in the appropriate column of the output;

function INVPI: input has size d x w, output has size d x w, w € N,
purpose: on each column of input (of parameter nature) function 7" is
applied and the result is put down in the appropriate column of the output;

1

function MEAN: input has size k x n, output has size d x 1,
purpose: firstly, function TE is applied and then, for the result of d x n size,
a mean over each row is calculated, i.e. MEAN; = % 2;21 TE;

function MEAN2: input has size k x (n - w), output has size d x w,
purpose: on each (i-th) n-tuple of columns the function MEAN is applied
and the result is put down in i-th column of the output, for any 1 < i < w;
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function MLE: input has size d x w, output has size d x w, w € N,
purpose: on each column of input (typically, it is output of function MEAN)
the inverse of function & is applied (or analogical equation (5.1) is solved)
and the result is put down in the appropriate column of the output.

FUNCTION OF RENYI STATISTICS

function DE

input: two matrices U!, U2, each has size d x w (typically, matrix U!
is an output of function MLE), it is also allowed that one of
the matrices has size d x 1 although w > 1. In this case the
missing columns are automatically filled by copies of this only
column to reach d x w size,

output: has size w x |,

purpose: each (i-th) row of the output is a vector of Rényi statistics
(D, : 7 € R) for i-th column of matrix U! and i-th column
of matrix U?, i.e.
DE;; is Rényi statistic D,. (U}, ,U2) of order r = R; given
by formula (4.1).

FUNCTIONS FOR OPTIMISATION

Let us fix the value of variable dis which indicates the given distribution and fix
asymptotic level «. In order to evaluate test powers of Rényi (r, «)-tests under local
alternatives hl we use Monte Carlo simulation method which works very univer-
sally. It is based on a simulation of a big data file from the distribution dis. Let
us put these simulated values into the following special-formed matrix Y of size
k x (n-10%-m) by analogy with the size of the real-input data

Y :
1 n 1 n 1 n 1 n
k x
1 n 1 n 1 n 1 n
Yei1 Ye10t1 Ye12 Yei0t2 -+ Ye104sm
block Y..1 block Y..Q cee Yoorﬁ

where each ‘block’ Y,,;, for arbitrary 1 < 7 < m, containts in its columns indepen-
dent samples from distribution dis with a fixed parameter given by i-th column of
matrix hh. Furthemore, each block is divided into ‘packages’ Y,;;, for 1 < j < 104,
where one package means n samples.

We have chosen the number 10* of simulated packages per block in order to
obtain a given accuracy. We mean the accuracy of an evaluation of probability
P(f(Z) > ¢) where Z is a random variables, f is a real function on the values of Z
and c is a constant. We estimate this probability by

o #H{1<i<10%: f(z) > ¢}

b= 107 '
where z1, ..., 210+ are simulated values from the distribution of Z. It follows from the
central limit theorem for independent Bernoulli samples that size 10* is sufficient
to guarantee that the error which we make using p instead of exact probability
P(f(Z) > c) is less than 0.01 with assurance 95%.
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In our case, we are interested in probabilities P; = Pgm(D,.,n(én, 0o) > cq) for
any 1 < ¢ < m and we estimate them by

A #{1 S ] S 104 : Dr,n(“Yoji777 hO) > Ca}
bi = 102 )

using simulated values in matrix Y. Here D, ,(“Y,;;”, h0) means the Rényi statistic

of order r for an empirical distribution derived from the simulated data given by

block Y,;; of matrix Y (note that size of this block is the same as observed data size)

and for the hypothetical distribution with parameter h0. Using algorithm-functions

Drn(“Yaji”, h0) = DE(MLE(MEAN(Y.J-;)), ho)

forevery 1 < j <10*and every 1 < i < m.
We can apply algorithm-functions on whole matrix Y directly. Then each (j-th)
column of matrix

DE( MLE(MEAN2(Y) ), ho ) (5.4)

corresponds to the Rényi statistic of ‘j-th’ order, i.e. order R;, and each (i-th)
10*-tuple of rows is used for calculation of estimate p; of probability P, ,,(D;. .,
(én, 6o) > co) where r = Rj, n = n and 6; = hh;. In this context, let us introduce

function POWER
input: has size (10* - m) x |, it is typically the output of function DE
applied on Y as described in (5.4),
output: has size m x |,
purpose: POWER;; is an estimate of probability P, n(DRr;.n > €a);

function OPT
input: has size m x |, it is typically the output of function POWER,
output: is scalar from set {1, ...,1},
purpose: it indicates a ‘winning’ order of Rényi statistics following from
the minimax optimisation described in the previous (page 11).

DECISION FUNCTIONS

function TEST_HYP: Inputs of this function are hypothetical parameter h0,
data x and the output of function OPT. Output of this function is one of

the decisions:
REJECT hypothesis Hy on level o if DE(MLE(MEAN(x)), h0) ;o

DON'T REJECT hypothesis Ho on level o if DE(MLE(MEAN(x)), h0) jop < ca-

> Cq,

function IDENTIF: Inputs of this function are data x and collection h2 of the
only possible parameters of the given distribution dis. Output of this func-
tion is the most suitable parameter from this collection or the decision that
the identification is impossible. In the first step we calculate Rényi diver-
gences for the empirical distribution derived from data x and for differ-
ent hypothetical distributions where the appropriate parameters arise in
columns of h2. Using algorithm-functions, let us set

TAB = DE (MLE(MEAN(x)), h2)

a matrix of size e x I. Then, for each Rényi order » € R (appropriate
column of TAB), we compare e values of divergences (in rows of TAB) and
choose the parameter (i.e. index of the row) corresponding to the minimal
divergence.
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Thus we obtain a vector (1 x |) of naturals from {1,...,e}, cf. function
s in (5.2). If the frequency of the most frequently chosen parameter has
absolute majority, i.e. (5.3) holds, then output is equal to this parameter,
otherwise we can not identify the model. Let this frequency is the second
output of function IDENTIF.

OUTPUTS

For task 1.: The maximum likelihood estimate of parameter is
MLE(MEAN(x)) when the exponential form of density is considered,
PI(MEAN(MLE(x))) when the original form of density is considered.

For task 2.: The test based on the Rényi divergence of order OPT was chosen
among other tests based on Rényi divergences of orders r € R as the most optimal.
REJECTS }

Depending on Boolean value of function TEST_HYP, this test {
DOES NOT REJECT

hypothesis that the parameter is equal to hO on the asymptotic level «. See also the
table POWER of evaluated test powers and a test level.

For task 3.: By comparison of Rényi divergences computed for the empirical
distribution and different hypothetical distributions corresponding to parameters
from the given set O, = h2 we can decide that

(4) data comes from the model with parameter IDENTIF. For this parameter Rényi
divergences were minimal in IDENTIF(2) cases from I;

(—) since there is no majority of Rényi divergences choosing the same parameter
we can not decide for one of these parameters.

Here (+) and (—) are two disjoint variants of output for the third task.

APPENDIX

A list of (supported) distributions of a real random variable with an exponential
form of the density is presented in this appendix. For each distribution the following
characteristics are prescribed:

e state space X of the random variable;

e an original (it means commonly used) formula for the density with an
(original) notation of parameters; in the algorithm-part, we denote by p
the unknown parameter and by next the known parameter if any;

e an exponential form of this density with unknown (d-dimensional) param-
eter denoted in this report by 6 (in the algorithm-part by h-);

o function m which provides the transformation of ‘exponential’ parameters
into ‘original’ parameters and vice versa (m=1);

e boundaries of convex set © of possible values for ‘exponential’ parameter,
written into a d x 2 matrix;

e function T which appears in the exponential form of the density;

e cumulant function x and its derivative;

o the explicit formula for the maximum likelihood estimator MLE or an ap-
propriate equation which uniquely determines the MLE.
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1. Bernoulli distribution

x={0,1};
original density (with respect to the counting measure on X):
fl@)=p"1-p)'™
its exponential representation:
1 Ox
folw) = 1+el €
with respect to measure . : € X — 1;
dimension of the parameter: d = 1;

parametrisation:
0
e —1 p
= — :1 I E—
m0) =15 ) n(lp)’
boundaries of ©: h=( —co o0 );
T(z) ==
k(0) =In(1 +€%)
of > X
i(0) = & MLE=In| 2L
1+ef -
n—> X,

2. Binomial distribution

known parameter: 7 € NT;
x={0,1,..,n};
original density (with respect to the counting measure on X):
n ' n—x
flx) = < >pl(1 -

its exponential representation:

_ 1 695;
Jo(z) = ‘(1 + ef)7

with respect to measure 1 : x € X — (7);
dimension of the parameter: d = 1;

parametrisation:
0
(& —1 p
= — == 1 PEE—
m0) =17 ) n(lp)’

boundaries of ©: h=( —co o0 );
T(z) ==
k(0) = nln(1 + %)

()= & MLE—m s

M= 1+ef B

17
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3. Poisson distribution

X=N;
original density (with respect to the counting measure on X):

_AT

flzx) =

z! ’

its exponential representation:
1 Ox
= e ¢

with respect to measure y: ¢ € X — ﬁ;
dimension of the parameter: d = 1;
parametrisation:

m(0) = e’ & 77N = In(\);
boundaries of ©: h=( —oco o0 );
T(z) ==
k(0) = €’

- (0) — ¢ mlisx
(0) =e & MLEIn(nZXz.

=1

4. Geometrical distribution

X=N;
original density (with respect to the counting measure on X):

f(x) =p(1—p)*;

its exponential representation:

fo(z) = (1 —e )b
with respect to measure . : © € X — 1;
dimension of the parameter: d = 1;
parametrisation:

w0 =1-e’ & a(p)=Mn (L) ;

boundaries of ©: h=( 0 oo );
T(z) = —x
k(0) = —In(1 — e %)

o f Y Xi+n
. - i=1
O) = & MLE=In|=h

> Xi
=1

5. Negative binomial distribution

known parameter: r € N*t;

X=N;

18
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original density (with respect to the counting measure on X):
r+z—1
flz) = < >pr(1p)””;
x
its exponential representation:
folw) = (L—e ) e
: . +z-1y.
with respect to measure 1 : z € X — ("I 7Y);
dimension of the parameter: d = 1;
parametrisation:
1
)=1-e? & “p)=In(—);
n(0) =1-e w0 =i (=)
boundaries of ©: h= (0 oo );
T(z) = —x
k(0) = —rIn(1 —e?)
n
e S Xi+rn
. —re 1=1
HO)=1——5 & MLE=Ih _
— €
> Xi
i=1
6. Multinomial distribution
known parameter: 7 € N*t;
X={xe{0,1,. ., A} i+ . Fap =n}={0,1,.., 2} x {Ai—x — ... — 21 };

original density (with respect to the counting measure on {0, 1,...,2}* ):

f(x) =

n!

T pTE(1 — — =
il xpl(—z—...—xy)! P1 Pt = Pk

its exponential representation:

exp(6121 + ... + Opxk)

)ﬁ—l1—...—$k_

f@(x) = (1+661 + ,..+€0k‘)ﬁ
with respect to measure i : x € {0,1,...,a}* —s xl!...xk!(ﬁflalﬁlf...ka)!;
dimension of the parameter: d = k;
parametrisation:
91 Gk
(& (&
0) = w((61,...,0k)) =
7T( ) 77(( 1, ) k)) (1+661+...+60K‘7 ) 1+691+...+69k
_ 1 k
L—p1—..—px L—p1—..—px
-0 o0
boundaries of ©: h = : : ;
— 00 oo
T(x) =x
k(0) = nln(l + e + ... + %)
neft nedx

(0 :( )
~(6) 1+ef + .. + ek 1+ef + .. + ek

b



APPLICATIONS OF RENYI DIVERGENCES IN TESTING HYPOTHESES ABOUT EXPONENTIAL MODELS
n n
(7) (7)
> X > X
~ ~
MLE = In 1771 ) eeey hl(lin
~ (7) ~ (1)
nn — Z:l X, nn — 2:1 X,
1= 1=

where XM .., X (") is a sample.

7. Exponential distribution

X = (0,00);
original density (with respect to the Lebesgue measure restricted on X):
f(x) = Nexp(—Az);

its exponential representation:

fo(x) = Oexp(—0x)

with respect to measure p on X which is again the restricted Lebesgue measure;
dimension of the parameter: d = 1;
parametrisation:

w(0) = A & 7\ =0;
boundaries of ©: h=( 0 oo );
T(z) = —x
k(0) = —1n(0)

8. Gaussian distribution

X=R;
original density (with respect to the Lebesgue measure on X):

)= o (252,

its exponential representation:

1
folz) = — exp (,33292 + 3391)

—_—
\/ 75 exp(gg;)
with respect to measure ;. on X which is again the Lebesgue measure;
dimension of the parameter: d = 2;

parametrisation:

0 1 _ m 1
7T(91,92) = <ﬁ,%> & T l(m,O'Q) —_ <§5T‘_2>7

boundaries of ©: h = ( o0 X ) ;

0 o0
T(2) = (2, %)

2 1 (n _ o, 02 1
= — —1 JE— — - -
(01, >) 10, 3" (92) & (01, 62) (292’ 102 20,

20
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9. Gaussian mean-known distribution

known parameter: m € R;
X=R;
original density (with respect to the Lebesgue measure on X):

o) = < (-2,

its exponential representation:

folx) = % exp (—9(:1: - m)2)

Vi

with respect to measure y which is again the Lebesgue measure on X ;
dimension of the parameter: d = 1;

parametrisation:
1 _ 1
T0) =55 & 10" =53

boundaries of ©: h=( 0 oo );
T(z) = —(x —m)*
w(0) = 3 (5)

,{(9):72—16 & MLE=—"

2> (X; —m)?

10. Gaussian variance-known distribution

known parameter: o2 > 0;
X=R;
original density (with respect to the Lebesgue measure restricted on X):

fz) =

1 (x —m)?
exp (55— );
V2mo? 202

its exponential representation:

fo(z) = exp (19 - 9—2)

with respect to measure 1 on X which is absolutely continuous with respect to the

. . 2
Lebesgue measure with density \/2;7 exp(—227);

dimension of the parameter: d = 1;

parametrisation:

w(0) =6 & 7 (m) = m;
boundaries of ©: h=( —oco o0 );
T(e) = &
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_ 62
k(0) = 57

0= 2 _1xy,
i(0) = &  MLE=-3"X;

i=1

11. Gamma distribution

X =RT;
original density (with respect to the Lebesgue measure restricted on X):
f@) = S emangrt
Tr) = ——e a7
I'(p)
its exponential representation:
1
fo(x) = ——— exp(f1 Inx — O22)
I'(61)/65"

with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1/x;

dimension of the parameter: d = 2;
parametrisation:

7T(91’92) = (01792) & ﬂ-_l(paa’) = (p7 CL);

boundaries of ©: h = ( 0 o ) ;

0 oo
T(z) = (Inz, —x)
5(91, 92) = 1n1"(91) — 91 1n92
, _(T(0) 0,
H(el,eg) = (F(Gl) —11192, —@

MLE is the solution of the following equations

I(6,) 1 & 1 &
—1 = =) InX;-In[-) X;
ey m0 n;nl n{ o> X

=1
0
o, — 0
w2 X
=1
12. Gamma p-known distribution
p > 0 is a known parameter;
X =RT;
original density (with respect to the Lebesgue measure restricted on X):
f@) = emrngr!
T) = e Tt
I'(p)
its exponential representation:
1
fo(x) = =—=————— exp(—0x)
I'(p)/0»

with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1/2P~1;

dimension of the parameter: d = 1;
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parametrisation:
w(0) =06 & 7 a) = a;
boundaries of ©: h=( 0 oo );
T(z) = —x
k(0) =InT(p) — plno

RO)=-5 & MLE=

hS!

3=
v
>

N
Il
-

13. Beta distribution

X=(0,1);
original density (with respect to the Lebesgue measure restricted on X):

xafl _r b—1
fla) = =2

B(a,b)
its exponential representation:

fo exp(fhiInz + 02 In(1 — x))

- 1
@) = 5.0
with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density ﬁ ;
dimension of the parameter: d = 2;
parametrisation:

m(01,02) = (01, 02) & 7 (a,b) = (a,b);

boundaries of ©: h = ( 0 oo ) :

0 oo
T(z) = (lnz,In(1 — x))
m(@l, 92) = ln(B(Gl, 92)) =1In 1"(91) + In 1"(92) —1In F(91 + 92)
T'(0) T(0+0:) T'(02) T'(01+ 92))

5(61,02) = :
561, 0) ( L) T(61+062)" [(62) T(61+062)
MLE is the solution of the following equations

1 & I'(6;) T/(61 + 6)
n ;ln(Xi) N T(61) T(61+02)
1< . Fl(tgg) F’(91 + 92)
n i_zlln(l —X) = T(0:) T(61+02)

14. Lognormal distribution

X =RT;
original density (with respect to the Lebesgue measure restricted on X):

R = E

its exponential representation:

folz) = ;02 exp (—(ln )%, +In z@l)

75 exp(gg;)
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with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1/x;

dimension of the parameter: d = 2;
parametrisation:

_ (5 1 “1 2y (LY.
th9g<2%’2%> oo ("%J)<0”202>’
boundaries of ©: h = < T X );
0 0

T(z) = (Inz, —(Inz)?)

07 1, . 0, 62 1
0= gy & s = (g g - )
Ly InX; )
1=1 5

MLE =

n n 27
155 (I X,)2 (% lenXi) 1

=1

(2

am&V—(%fnn&f

n
= =1

1

15. Double exponential distribution

X=R;
original density (with respect to the Lebesgue measure on X):
1 |z,
fw) = 57 exp(—17);

its exponential representation:

folz) = 5 exp(~tlal)

with respect to measure ;. which is again the Lebesgue measure on X;
dimension of the parameter: d = 1;

parametrisation:
m(0) = % & 7 '(b) = %;
boundaries of ©: h= (0 oo );
T(a) = o
k(@) =In2—1nd
1
#0)=—7 & MLE=——
;WJ

16. Weibull distribution

known parameter: p > 0;

X =Rt

original density (with respect to the Lebesgue measure restricted on X):
J(@) = epaP " exp(—ca?);

its exponential representation:

fo(x) = Oexp(—6zP)
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with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density pzP~!;

dimension of the parameter: d = 1;
parametrisation:
w(0) =06 & 7 c) = ¢
boundaries of ©: h= (0 oo );
T(z) = —aP
k(0) = —1nd

MO)=-7 & MLE=

_Mﬁ
3

N
Il
-

17. Reyleigh distribution

X =Rt
original density (with respect to the Lebesgue measure restricted on X):

x ZEQ
f@) = gz oxp (‘%) ?
its exponential representation:
fo(x) = O exp(—02?)

with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density x;

dimension of the parameter: d = 1;

parametrisation:
1 132 L
7T(9)—29 & ™ (b)—2b27
boundaries of ©: h= (0 oo );
T(z) = —a?
k(0) = —1nd
1
i0)=—> & MLE=—"
> X7

18. Maxwell distribution

X =RT;
original density (with respect to the Lebesgue measure restricted on X):

2 x?
f(:L‘) = ag\/% $2 exp <T“2) ;

its exponential representation:

fg(.fC) = ﬁ eXp(—x29)

with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density z2;

dimension of the parameter: d = 1;
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parametrisation:
— 1 -1 = —
77(9)—\/@ & ™ (a/)_ 20,27
boundaries of ©: h=( 0 oo );
T(z) = —2?
k(0) = —21In6 — In(4//7)
i(0) = 72_39 & MLE= "
2y X?
=1

19. Pareto distribution

known parameter: b > 0;
X = (b, 00);
original density (with respect to the Lebesgue measure restricted on X):

its exponential representation:
fo(z) = 0% exp(—0In )
with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1/x;
dimension of the parameter: d = 1;
parametrisation:
w(0) =0 & 7 a) = a;
boundaries of ©: h= (b oo );
T(z) = —lnx
k(@) =—Inf—01nd
1 n

R()=—5-mb & MLE=—

20. Modular distribution

see Gaussian mean-known.

21. Inverse Gaussian distribution

X =RT;
original density (with respect to the Lebesgue measure restricted on X):

its exponential representation:

T 1
fo(z) = \/@eXP(*alg — 92% +1/60162)

with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1/v27z3;
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dimension of the parameter: d = 2;
parametrisation:

ﬂel,eg):(\/zif,%) & ﬂ_l(m,)\)Z(%,)\);

boundaries of ©: h = ( 0 oo ) ;

0 oo
T(z) = (-5, ~3;)

7w . (1 e 1 [, 1
5(91,92)—— 9192—511192 & H(Ql,eg)—< 3 91, 2( 92+92>>

22. Inverse Gamma distribution

X =RT;
original density (with respect to the Lebesgue measure restricted on X):
a? a
fl@) = fos exp(— 2)a s
I'(p) x
its exponential representation:
o]
= —fy— — 611
fo1,0.(2) 0, exp(—bz— — 61 1nz)

with respect to measure 1 on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1/x;

dimension of the parameter: d = 2;
parametrisation:

7T(91’92) = (01792) & ﬂ-_l(paa’) = (p7 CL);

boundaries of ©: h = < 0 oo ) ;

0 oo
T(x) = (—hmc,—%)

(6 0
Kk(01,05) =InT(61) — 61 Inby & k(el,eg)z(F((el))—lrIeQ,—@—l)
1 2

"1
— X,
=1

MLE is the solution of the following equations

I’(61) 1< 1
Inf, — = =) In(Xy)+In| =
n I'(61) n; n(Xi) +1n n

o = —

n

1 €1
n 1Xi

(2

23. x? with k degrees of freedom distribution

X =RT;
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original density (with respect to the Lebesgue measure restricted on X):

flz) =

1 kg ( z)
— 3 T exp(—=);
2k/2D(£) 2

its exponential representation:

1 In
fo(x) = 29/271_‘(%) exp (GTx)

with respect to measure p on X which is absolutely continuous with respect to the
restricted Lebesgue measure with density 1 exp(—%);

dimension of the parameter: d = 1;
parametrisation:
@) =0 & "tk =k
boundaries of ©: h = ( 0 oo ), (note that © = (0, o) is assumed);

T(x) = 1“795

0 0 m2 I’
= InT(= 5(0) = — 2
k(9) 21112+ n (2) & k(0) 5 T 2r(8)
MLE is the solution of the following equation
1, X, (4
— Z In—2 = (92) .
n = 2 F(E)
24. Dirichlet distribution
X={x€(0,00)" 12+ ...+ ap1 =1} = (0,00)" x {1 =21 — ... — 21}

original density (with respect to the Lebesgue measure on (0, c0)*):

k+1
F(Z] 19%) a;—1 ar—1

fX)= — 27" gt (1-m — o —xg) L
Hj:l ()
its exponential representation:
(2551 0)
fo(x) = m Xp(91 Inzy + ...+ 0 Inzg + O In(1 — 29 — fask))

with respect to measure u on (0, oo) which is absolutely continuous with respect
to the Lebesgue measure on (0, 00)* with density - L. L -1

x1 wg'zkl xrq—. mk

dimension of the parameter: d = k + 1;
parametrisation:

T(O1s s 1) = (01,0, Ok1) & 77 (@1, ey apg1) = (@1 s p);

0 oo
boundaries of ©: h = Do ;
0 oo
T(x) = (Inxy,...Inzg, In(l — 21 — ... — 2))
K01, ..., Ops1) = —InT(XFF 10 >+z"“1 INCD
. rg;) TS0
(01, o, Op1) = (F((Qj)) B F(Zéill 0 =1,k 1)
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MLE is the solution of the following equations

I @ _ T'(0;) T o) .
SN x® = _ forj—=1,.. k+1
LN =Ty~ Tty o

where XM, .., X (") is a sample.

25. Bivariate Gaussian distribution

X =R?
original density (with respect to the Lebesgue measure on X):

B 1 1 —1{ TN
flz,y) = Wexp{§ <x7m1 y*mz)E (y—mg)}

1 exp{fé Tr(Eil(Z)@ y)) + (= y)E’l(ﬂi)}
2m|%[1/2 exp{%(ﬂh ma) Z_l(ml)}

m2

2
where ¥ = o1 PoIT2 ).
pPO102 o5 ’

its exponential representation:

2 2
/0105 — 63 exP {791% + Oowy — 035 + Oz + 951/}

2m exp{ (04 05) (fé;zi)il(zz)}

with respect to measure ;. which is again the Lebesgue measure on X;

fG(‘T’y) =

dimension of the parameter: d = 5;
parametrisation:

01 — 05 1 04 _1({M1
( —02 03 ) & (95) ma)’

01 Os 0205+ 0304 6105 + 0204
9193 02 0,05 — 02 0,05 0105 — 02 " 0,05 — 02

ie.

m(01,02,03,04,05) =

Wﬁl(o—%vo—gapamlva) = ( 2 ) P ) "9 ! )
oi(1=p?)" o102(1 = p?)" 03(1—p?)
_ pmy my  pmy ) ,
T e AP el =)’
0 00
-0 o0
boundaries of ©: h = 0 oo |;
— 00 (0. ¢]
-0 o

2 2
T(Ivy) = (7%7‘%?/7 7%7$7y)

. 1 01 — 0\ (0
K(01,02,03,04,05) = In2m — = 1n(6:6; — %)+ g (04 05) (192 932) (9:)
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let us set

0, — 05\ ' /0,4 1 03 05\ [0,
A= (0,0 S S
(04 5)<—92 93> (95> 0,05 — 02 (04 05) <92 AUE

939% + 2050405 + 919%
0,05 — 02

then

1
&(01, 92, 93, 94, 95) = 5 (—93 + 9? — 93A, 205 + 20,05 + 292A,

1
0,05 — 02
—01 + 03 — 01,2050, + 20505, 20204 + 29195) ;

let us set

T = %ZXEZ}QQ — %(ZXZEV + %ZXiZYiZXi}/i +
i=1 =1 i=1 i=1 =1 =1
1 n n 1 n n
LX) V-5 XP) Y
i=1 =1 i=1 =1

then
n

1 (1< 1 1 & 1 & -
MLE = g;Yf—(EZYi)% E;XY—;;X;Y

i=1

%ZXzQ - (%ZXi)2a %ZXiZYf - %ZXzY;ZY;z
=1 =1 im1 =1 i=1 i=1
=1 =1 =1 =1
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