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MOTIVATION FOR STATE ESTIMATION

WHAT IS THE STATE ESTIMATION?

The aim of the nonlinear state estimation is to provide the best
estimate of unknown (immeasurable, hidden) state of the nonlinear
system. This state estimate is based on the a priori information
about system and on the available measurable data (maybe noisy
or incomplete).
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FALLING OBJECT TRACKING

KNOWN PARAMETERS
H - radar altitude,

M - horizontal distance between
radar and falling body.

Rad
s MEASURABLE VARIABLE

z(t) - t-variant distance
between radar and falling body.

DIRECTLY IMMEASUR. VARIABLES
x1(t) - t-variant body altitude,
xp(t) - t-variant body velocity.
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MEASURABLE VARIABLES DIRECTLY IMMEAS. VARIABLE
O(t) - occupation (proportion of &(t) - queue lengths on
the time period, when the detector the particular intersection
is being activated), arm.

I(t) - intensity (amount of passing
vehicles per time unit).
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DESCRIPTION OF SYSTEM
Xkr1 = Fe(xk) +wy, k=0,1,2,...
z = hy(xx) + vk, k=0,1,2,...
where
fi(-), hi(-) are known vector functions,

Pw, (Wk) = N{wg : 0,Qx}, pv,(vk) = N{vk : 0,Rx}, and
Px,(X0) are known Gaussian probability density functions

(pdf’s).

STATE ESTIMATION PROBLEM
The aim of the state estimation is to find the probability density
function of the state x) conditioned by the measurements
2" =[z0,21,...,2pm].
p(xx|z™) =?
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SOLUTION OF THE STATE ESTIMATION PROBLEM

FuNcTIONAL RECURSIVE RELATIONS (FRR’S)
(k — m)-step prediction (k > m)
p(xilz™) = / P(Xk[xk1)P(Rk1|2™) k1,

filtering (m = k)

p(xk|z" 1) p(zk|xk)
J p(xilz*=1)p(zilxi) dx

(m — k)-step smoothing (m > k)

pxilz") =

m k p()(k+1‘Z )
o —_— d .
p(Xk|Z ) = p(xk|z )/ ( p 1|Zk) p(xk+1|xk) Xk+1
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EXACT SOLUTION OF THE FRR’S

The closed-form solution of the FRR's is possible only for a few
special cases, e.g. for linear Gaussian system.

APPROXIMATIVE SOLUTION OF THE FRR’S

One of the possible approximative solution of the FRR’s is based
on such approximation of the system description that the
technique of the linear system estimators design can be used in the
area of nonlinear systems as well.

Local Estimation Methods

The resultant estimates of the local estimators are given by the
mean and the covariance matrix only.
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STANDARD LOCAL ESTIMATION METHODS (1970)

The standard local estimation methods are based on the approxi-
mation of nonlinear functions in the state or the measurement
equation by the Taylor expansion 1st or 2nd order (Lewis, 1986).

NOVEL (DERIVATIVE-FREE) LOCAL ESTIMATION METHODS (2000)

The novel local estimation methods are based mainly on the
Stirling's polynomial interpolation (Ngrgaard et al., 2000) of the
nonlinear functions or on the unscented transformation (Julier et
al., 2000).
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LocAL ESTIMATION METHODS

Relatively a lot of attention has been paid on the numerical
properties of the local, either standard or novel, estimation
methods.

However, the main stress has been laid on the derivation of
the numerically stable square-root filters and one-step
predictors (Grewal and Andrews, 2001; Ngrgaard et al., 2000;
van der Merwe and Wan, 2001) and the numerically stable
algorithms of the smoothers have not been proposed yet.

GOAL OF THE PAPER

e To propose the numerically stable and computationally more
efficient square-root smoothing algorithms for the standard
and novel estimation techniques.
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TYPES OF SMOOTHING

The smoothing problem p(xx|z™), k < m can be generally divided
into three groups

fixed-point smoothing, when k is fixed,
fixed-lag smoothing, when difference m — k is fixed, and

fixed-interval smoothing, when time instant m is fixed.

POSSIBLE SOLUTIONS OF SMOOTHING
The smoothing can be solved by two techniques based on

the extension of the state x,,, by the smoothed state x, i.e.

K = |
m — Xk 9

and application of common filtering algorithms,
the solution of the particular FRR to propose a smoothing
algorithm.
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RAUCH-TUNG-STRIEBEL SMOOTHER

ALGORITHM OF RAUCH-TUNG-STRIEBEL SMOOTHER (LEWIS, 1986)

One of the possible solution of the smoothing problem p(xx|z™),
k < mis given by the Rauch-Tung-Striebel Smoother (RTSS),
which is specified by the following relations

Riim = E[xk]2™] = Kk + Kim(Reg1)m — Res1j)s

Pyim = cov[xk|2"] = Py — Kijm(Prg1jk — Pk+1|m)KZ—|m7

where k=m—-1,m—2,...,
Xi+1)k» Prs1jk are known predictive statistics,
Xk Pk are known filtering statistics,
Kijm = Pxx’k+1|k(Pk+1|k)_1 is the smoothing gain, and

Pxx,k+1|k = E[(Xk = ﬁk|k)(xk+1 = )/E/H_]_‘k)T‘Zk] is state
cross-covariance matrix.
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RAUCH-TUNG-STRIEBEL SMOOTHER (CONT’D) (LEWIS, 1986)

Linearity of the state equation (fx(xx) = Fxxk) allows to find an
exact solution of the state cross-covariance matrix in the form

P krilk = E[(%k — Rir) (%ks1 — Rirap) T [2°] = PriiFL

LOCAL RAUCH-TUNG-STRIEBEL SMOOTHERS (SIMANDL AND
Dunik, 2006)

The exact solution of the state cross-covariance matrix cannot
be generally found for the system with the nonlinear state
equation.

However, a solution of the state cross-covariance matrix for
the nonlinear function f(-) can be found by utilization of the
suitable approximation technique e.g. the Taylor expansion,
the Stirling’s interpolation, the unscented transformation.
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NUMERICALLY STABLE VERSION OF RAUCH-TUNG-STRIEBEL TYPE
SMOOTHERS

The smoothing covariance matrix

Piim = SkimSjm = Piik — Kiim(Pit1jk — Pict-1im) K jms

can be expressed in the square-root form

Siim = Mk — KiimMici1jic KigmS 0, k415 KimSk1jm)»

where My, My i1k, SQk+1, and Sy1|m are known square-root
factors of covariance matrices, which form depends on the used
approximation techniques.

Unfortunately, matrix gk‘m is rectangular.
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NUMERICALLY STABLE VERSION OF RAUCH-TUNG-STRIEBEL TYPE
SMOOTHERS (CONT’D)

To transform the rectangular matrix §k|m to the square one, the
Householder triangularization can be used.

The final form of the square-root smoothing covariance matrix can
be expressed as follows

Sk|m = ht(§k|m) =
= ht([Mklk — KimMir1)6 KiimS Q k+1 Kk\msk+1|m])a
where N = ht(M) stands for Householder triangularization applied

to the rectangular matrix M resulting into the square matrix N so
that the equality NN” = MM holds.
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SYSTEM SPECIFICATION (ITO AND XIONG, 2000)
X1 = Xk + 5O (1 — x2) + wy,
Zy — At(Xk = 0.05)2 + Vg,
where
k=1,...,400, At = 0.01,
wi ~ N{wg : 0,0.25At}, v ~ N{vg :0,0.01At},
system initial condition is xp = 1.2,

and estimators initial condition is p(xg|z71) = N{x : 2.2,2}.
The aim is to estimate two-step fixed-lag pdf p(x_2|z¥).

EXPERIMENTAL RESULTS
Smoother MSE Time [s]
Unscented RTSS 1.25x1073 3.27 x 10~*
Square-Root Unscented RTSS | 1.25x1073 2.76 x 107
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CONCLUSION REMARKS

The local estimation methods were discussed.

The application of the Taylor expansion, the Stirling's
interpolation, and the Unscented transformation in the design
of the local smoothing algorithm was recalled.

The square-root version of the Rauch-Tung-Striebel type
smoother was properly derived.

The square-root modification of the smoother improves the
numerical properties and reduces the computational demands
with respect to the “nonsquare-root” algorithms.
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