Applications of the Reényi divergences in testing
hypotheses about exponential models
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Rényi divergences

of order r € R for probability measures P, Py with densities f, fo
on a o-finite measure space (X, A, u) is:

Dy(P.Po) = s In [ 715" dp.
for r = 1,r =0,
B f
Dm%w—/fw%w

and
DdP%%—fmm—du

A. Rényi. On measures of entropy and information.1961

F. Liese, I. Vajda. Convex statistical distances. 1987.
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Exponential families of processes
{Py: 6 c©} on filtered canonical path-space (X, A, (A¢)>0, 1)
iff

dPy
dpet

— fe,t(Xt) — exp{@’ Ty (X¢) — K(Q)St(xt>}

for each 6 € © for each t >0

X¢ IS observation up to time t Wﬂ

natural models: S; = S¢(Xy) =+¢ LEévy processes
St >0

general models: S; is nondecreasing (time transformation)



Natural models, Lévy processes

dP,
98 — expl0/ Ty (Xe) — K(0)t}
dPo ¢
Lévy processes ...... T:(Xy) = X3

e Brownian motion with unknown drift

e Poisson process with unknown intensity of jumps

e their combinations



Natural models, Lévy processes ( T;(X;) = X; )

dP,
Wgﬁ = exp{@’ Ty (Xy) — w(O)t}
20 |
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Rényi divergences in natural models

For all real r =0, r#1

k(rf1 + (1 —7)0y) —re(f1) — (1 —r)x(0p)
r(r—1)

Dr(Py,, Pp,) := Dr(01,00) =

if 76 + (1 —r)fp € O,
otherwise D, (61,0p) = oc.

D1(01,00) =r(01) (01 — 0p) + x(0g) — x(01)



Usual statistical features

e likelihood function for natural exponential models:
Li(0) = exp{@’ Ty — (0)t}

e Mmaximum likelihood estimator:

N . 1y
0, = argmax L:(0) = k1 (—)
t 9069 t( ) K P

e testing hypotheses Hg: ¢g(6) =0
where ¢ is continuous, 2x diff. function R¥ — Rk 1 <FE < k.

e generalised likelihood estimator:

0; = argmax L:(0)
g(6)=0




Reényi statistics
e for testing simple hypotheses Hgp : 6 = 6

Rényi statistics of orders r e R: Dypy = 2xt* Dy (64, 0p),

Li(6p)
L¢(6y)

Kullbac statistics: Ky = —2=xlog ( ) = 2xt+D1(0;6p)

Asymptotic behaviour (t — o): Dy L. X2
(under some regularity conditions)
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Reényi statistics
e o fOr testing composite hypotheses Hgy : g(6) =0

Rényi statistics of orders r e R: Dy = 2 xt* Dr(04,0y),

Li(0 .
Kullbac statistics: Ky = —2xlog ( t(f)> = 2xt*xDq1(06:)
L(60:)
Asymptotic behaviour (t — o0): Dy ¢ £, X%—E

(under some regularity conditions)

D. Morales, L. Pardo, M.C. Pardo, I. Vajda. Rényi statistics for testing ... 2004.
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Main example
Geometrical Brownian motion with Poisson jumps

- for modelling some phenomena in financial markets
- as a model for the stock price

- fitting on evolution of petroleum price

It has three components : drifted Brownian motion
Poisson process of jumps up

Poisson process of jumps down



Geometrical Brownian motion with Poisson jumps
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Geometrical Brownian motion with Poisson jumps
Description of the model

X; is solution of SDE

dX, mXydt + o X dW; + 0.1XdN]P — 0.05X,d N
Xo = x0

m ... proportional drift, o ... proportional diffusion, p+qg=1

Explicitly
X, = z0 exp{gm — 62/2) t + oW, + log(1.1) NP + 10g(0.95) N,;\Q}
—:0
Unknown parameters: Transformation
> new drift 6 x 01 =0
> intensity of jumps A * 0> = log(A\p)

> probability of jumping up p *x 03 = log(\q)



Geometrical Brownian motion with Poisson jumps

Statistics
data: N® & N}M & B;=0t+ oW,
AD Aq
S By N. N
MLE: (91,t792,t763,t) — (ta Iog(%)a Iog(_z))

hypothesis:  Hgp: 6 = Aplog(1l.1) + A\ql0og(0.95) & p=2/3

Ho: 01 = €%210g(1.1) 4+ €%3109(0.95) & V2 = 2¢03



Geometrical Brownian motion with Poisson jumps
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Geometrical Brownian motion with Poisson jumps
Statistics

2t . ~
Rényi statistics: D, = D) [<(0r) —rr(8) — (1 — 1)K (0:)]
r\r —

r# 0,1

Kullback statistics: Dq ; = 2t [R(Qt)(ét —01) + ~(0) — ﬁ?(@t)]

92
where  k(0) = k(01, 65,03) = 2—12 +ef2 4 ef3 — 2
o

Or =10 + (1 —1r)0;
= m ox om N By Ap Aq
0y = (01,4,024,034) = argmax ( 015 + 02N, + 03N — 1 (k(01, 62, 93)))

ef> = 2ef
61 = e”109(1.1) + €2 109(0.95)



Geometrical Brownian motion with Poisson jumps
Calculations

e simulating of independent realisations from normalized normal
and Poisson distributions

e Calculation of test powers for observations up to time ¢t = 40
for Rényi statistics of orders r € {—1; 0.5; 1; 1.5; 2; 2.5; }

e Optimization: comparison between test powers

Y

choice of statistics Dg s 40
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Some more examples

e Oon behalf of diffusion process

Ornstein-Uhlenbeck process

is the unique solution of SDE dX; 0Xdt + dWy 0 <0

Xg = O
t
Explicitly X; = [exp(0(t — s))dWs.
0
Density and likelihood function MLE
t
dp? 1 1 X2t
d—Pg(Xt) — exp(@E(XtQ —t) — 592 / X82d8> f=—"1"
t 0 2 [ X2ds
0



Some more examples

e On behalf of counting processes
Pure birth process

Let Xg = 1 which means that there is a population with just one
individual at time ¢t = 0.

Xt €{1,2,...} then means the size of population at time ¢, if
each individual gives birth to another individual after an expo-
nential time with expectation 1/\. Behaviour of individuals is
independent. ~ 0 :=log\ € R

Density and likelihood function MLE

dP9 0 t .
L) = exp{0(X,— 1) — ("~ 1) [ Xuds}  0=log
t




Future plans

x Could be used Rényi divergences for testing hypotheses also in
general exponential models?

x Is there again some nice formula for the test statistics?

x Asymptotics for them?

x How to handle with that random time transformation S;7

e Which models are the most suitable for using Rényi statistics?
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