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Rényi divergences

of order r ∈ R for probability measures P, P0 with densities f, f0
on a σ-finite measure space (X,A, µ) is:

Dr(P, P0) =
1

r(r − 1)
ln

∫

frf1−r
0 dµ,

for r 6= 1, r 6= 0,

D1(P, P0) =

∫

f ln
f

f0
dµ

and

D0(P, P0) =

∫

f0 ln
f0
f

dµ.

A. Rényi. On measures of entropy and information.1961

F. Liese, I. Vajda. Convex statistical distances. 1987.



Exponential families

{Pθ : θ ∈ Θ} on (X,A, µ)

iff

dPθ

dµ
=: fθ(x) = exp{θ′ T(x) − κ(θ)} for each θ ∈ Θ

• models with iid observations

– normal, lognormal, gamma, beta, Weibull, Maxwell,...

– Poisson, negative binomial, multinomial,...

• models with dependent observations

– sequences of dependent observations

– time continuous processes

– random fields
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Exponential families of processes

{Pθ : θ ∈ Θ} on filtered canonical path-space (X,A, (At)t≥0, µ)

iff

dPθ,t

dµt
=: fθ,t(Xt) = exp{θ′ Tt(Xt) − κ(θ)St(Xt)}

for each θ ∈ Θ for each t > 0

Xt is observation up to time t

St ≥ 0







natural models: St = St(Xt) = t Lévy processes

general models: St is nondecreasing (time transformation)
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Natural models, Lévy processes

dPθ,t

dP0,t
= exp{θ′ Tt(Xt) − κ(θ)t}

Lévy processes ...... Tt(Xt) = Xt

• Brownian motion with unknown drift

• Poisson process with unknown intensity of jumps

• their combinations



Natural models, Lévy processes ( Tt(Xt) = Xt )

dPθ,t
dP0,t

= exp{θ′ Tt(Xt) − κ(θ)t}



Rényi divergences in natural models

For all real r 6= 0, r 6= 1

Dr(Pθ1, Pθ0) := Dr(θ1, θ0) =
κ( rθ1 + (1 − r)θ0 )− rκ(θ1)− (1 − r)κ(θ0)

r(r − 1)

if rθ + (1 − r)θ0 ∈ Θ,

otherwise Dr(θ1, θ0) = ∞.

D1(θ1, θ0) =κ̇(θ1) (θ1 − θ0)+κ(θ0) − κ(θ1)



Usual statistical features

• likelihood function for natural exponential models:

Lt(θ) = exp{θ′ Tt − κ(θ)t}

• maximum likelihood estimator:

θ̂t = argmax
θ∈Θ

Lt(θ) = κ̇−1
(

Tt

t

)

• testing hypotheses H0 : g(θ) = 0

where g is continuous, 2x diff. function R
k → R

k−k̃, 1 ≤ k̃ < k.

• generalised likelihood estimator:

θ̃t = argmax
g(θ)=0

Lt(θ)



Rényi statistics

• for testing simple hypotheses H0 : θ = θ0

Rényi statistics of orders r ∈ R: Dr,t = 2 ∗ t ∗ Dr(θ̂t, θ0),

Kullbac statistics: Kt = −2 ∗ log

(

Lt(θ0)

Lt(θ̂t)

)

= 2 ∗ t ∗ D1(θ̂t, θ0)

Asymptotic behaviour (t → ∞): Dr,t
L

−→ χ2
1

(under some regularity conditions)

U. Küchler, M. Sørensen. Exponential Families of Stochastic Processes. 1997.
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Main example

Geometrical Brownian motion with Poisson jumps

- for modelling some phenomena in financial markets

- as a model for the stock price

- fitting on evolution of petroleum price

It has three components : drifted Brownian motion

Poisson process of jumps up

Poisson process of jumps down
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Geometrical Brownian motion with Poisson jumps

drift= 0.05, λup = 0.72, λdown = 0.48
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Geometrical Brownian motion with Poisson jumps

Description of the model

Xt is solution of SDE

dXt = mXtdt + σXtdWt + 0.1XtdN
λp
t − 0.05XtdN

λq
t

X0 = x0

m ... proportional drift, σ ... proportional diffusion, p + q = 1

Explicitly

Xt = x0 exp

{

(m − σ2/2)
︸ ︷︷ ︸

=:θ

t + σWt + log(1.1)Nt
λp + log(0.95)N

λq
t

}

Unknown parameters: Transformation

⊲ new drift θ ∗ θ1 = θ

⊲ intensity of jumps λ ∗ θ2 = log(λp)

⊲ probability of jumping up p ∗ θ3 = log(λq)



Geometrical Brownian motion with Poisson jumps

Statistics

data: N
λp
t & N

λq
t & Bt = θt + σWt

MLE: (θ̂1,t, θ̂2,t, θ̂3,t) =




Bt

t
, log(

N
λp
t

t
), log(

N
λq
t

t
)





hypothesis: H0 : θ = λp log(1.1) + λq log(0.95) & p = 2/3

H0 : θ1 = eθ2 log(1.1) + eθ3 log(0.95) & eθ2 = 2eθ3
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Geometrical Brownian motion with Poisson jumps

Statistics

Rényi statistics: Dr,t =
2t

r(r − 1)
[κ(θr) − rκ(θ̂t) − (1 − r)κ(θ̃t)]

r 6= 0,1

Kullback statistics: D1,t = 2t
[

κ̇(θ̂t)(θ̂t − θ̃t) + κ(θ̃t) − κ(θ̂t)
]

where κ(θ) = κ(θ1, θ2, θ3) =
θ2
1

2σ2
+ eθ2 + eθ3 − 2

θr = rθ̂t + (1 − r)θ̃t

θ̃t = (θ̃1,t, θ̃2,t, θ̃3,t) = argmax
(

θ1
Bt
σ2 + θ2N

λp
t + θ3N

λq
t − t (κ(θ1, θ2, θ3))

)

eθ2 = 2eθ3

θ1 = eθ2 log(1.1) + eθ3 log(0.95)



Geometrical Brownian motion with Poisson jumps

Calculations

• simulating of independent realisations from normalized normal

and Poisson distributions

• calculation of test powers for observations up to time t = 40

for Rényi statistics of orders r ∈ {−1; 0.5; 1; 1.5; 2; 2.5; }

• optimization: comparison between test powers
⇓

choice of statistics D0.5,40





Some more examples

• on behalf of diffusion process

Ornstein-Uhlenbeck process

is the unique solution of SDE dXt = θXtdt + dWt
X0 = 0

θ < 0

Explicitly Xt =
t∫

0
exp(θ(t − s))dWs.

Density and likelihood function MLE

dP θ
t

dP0
t

(Xt) = exp

(

θ
1

2
(X2

t − t) −
1

2
θ2

t∫

0

X2
s ds

)

θ̂ =
X2

t − t

2
t∫

0
X2

s ds



Some more examples

• on behalf of counting processes

Pure birth process

Let X0 = 1 which means that there is a population with just one

individual at time t = 0.

Xt ∈ {1,2, ...} then means the size of population at time t, if

each individual gives birth to another individual after an expo-

nential time with expectation 1/λ. Behaviour of individuals is

independent.  θ := logλ ∈ R

Density and likelihood function MLE

dP θ
t

dP0
t

(Xt) = exp{θ(Xt − 1) − (eθ − 1)
∫ t

0
Xsds} θ̂ = log

Xt − 1
t∫

0
Xsds



Future plans

∗ Could be used Rényi divergences for testing hypotheses also in

general exponential models?

∗ Is there again some nice formula for the test statistics?

∗ Asymptotics for them?

∗ How to handle with that random time transformation St?

• Which models are the most suitable for using Rényi statistics?
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