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1. Introduction

Stochastic PDEs for manifold-valued processes have attracted a great deal of attention due
to their wide range of applications in physics, in particular in kinetic theory of phase transitions
and quantum field theory, see e.g. Bruned et al. [6], the first and the second named authors
[7-9], Carroll [23], Funaki [38] and Rockner et al. [58] and references therein. In this paper we
are dealing with a particular stochastic PDE, known as a stochastic geometric wave equation
(SGWE), that was introduced and studied by the first and the third named authors in a series of
papers [15], [17,19], see also [18].

The aim of this paper is to prove a large deviations principle (LDP) for the one-dimensional
stochastic wave equation with solutions taking values in a d-dimensional compact Riemannian
manifold M. More precisely we will consider the equation

D, 3,uf =Dy dyu® 4+ /e Ve (du’, dyu’) W, (1.1)

where ¢ € (0, 1] approaches zero. Here D is the connection on the pull-back bundle u~'T M of
the tangent bundle over M induced by the Riemannian connection on M, see e.g. [16,60], Y is
a non-linearity and W is a spatially homogeneous Wiener process on R. A precise formulation
is provided in Section 3. Here we only note that we will work with the extrinsic formulation of
(1.1), that is, we assume M to be isometrically embedded into a certain Euclidean space R”,
which holds true due to the celebrated Nash isometric embedding theorem [49]. Then, in view of
Remark 2.5 in [15], equation (1.1) can be written in the form

e = uxtt” + Aye (Bu®, Bu®) — Aye (dxuu®, 8,u°) + /Yy (Bu, ,u) W, (1.2)
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where A is the second fundamental form of the submanifold M C R”. More details about the
equivalence of extrinsic and intrinsic formulations of stochastic PDEs can be found in Sections 2
and 12 of [15]. Moreover, using the notation z¥ = (u®, 9,;u®) equation (1.2) can be formally
written as the following stochastic evolution equation in a suitable topological vector space,

dzf (1) = (Gz° (1) + F(z° (1)))dt + /eG(z* (1))dW (1), 1 €0, T], (1.3)

with a generator G of some Co-group, and the drift and diffusion operators F and G, see Propo-
sition 3.11 and Remark 4.4 for details.

Due to its importance for applications, LDP for stochastic PDEs has been widely studied by
many authors, see e.g. [35] and [36]. However, analysis of large deviations for stochastic PDEs
for manifold-valued processes is very little understood. To the best of our knowledge, LDP has
only been established for the stochastic Landau-Lifshitz-Gilbert equation with solutions taking
values in the two dimensional sphere [9]. Our paper is the first to study LDP for SGWE. One
should also mention a PhD thesis by Hussain [42], see also [11], who has established the LDP
for stochastic heat equation with codimension one constraint.

If ¢ = 0 then equation (1.2) reduces to a deterministic wave maps equation. It has been in-
tensively studied in recent years due to its importance in field theory and general relativity, see
for example [39] and references therein. It turns out that solutions to the deterministic geometric
wave equation can exhibit a very complex behavior including (multiple) blowups and shrink-
ing and expanding bubbles, see [3,4]. In some cases the Soliton Resolution Conjecture has been
proved, see [43]. Various concepts of stability of these phenomena, including the stability of
soliton solutions has also been intensely studied [29]. It seems natural to investigate stability for
wave maps by studying the impact of small random perturbations and this idea leads to equation
(1.2). Let us recall that the stability of solitons under the influence of noise has already been
studied by means of LDP for the Schrodinger equations, see [28]. LDP, once established, will
provide a tool for more precise analysis of the stability of wave maps.

Finally, let us recall that in [46] large deviations techniques are applied to derive a rigorous
connection between the Yang-Mills measure and the energy functional. While in our work the
problem is much easier because of the assumed regularity of the noise, we believe we provide a
starting point for an analogous result in the case of less regular noises. Equations of stochastic
flows for harmonic maps with very irregular noise have been recently proposed in [6] and [58].

Another motivation for studying equation (1.2) with € > 0 comes from the Hamiltonian
structure of deterministic wave equation. Deterministic Hamiltonian systems may have infinite
number of invariant measures and are not ergodic, see the discussion of this problem in [32].
Characterisation of such systems is a long standing problem. The main idea, which goes back
to Kolmogorov-Eckmann-Ruelle, is to choose a suitable small random perturbation such that the
solution to stochastic system is a Markov process with the unique invariant measure and then one
can select a “physical” invariant measure of the deterministic system by taking the limit of van-
ishing noise, see for example [27], where this idea is applied to wave maps. A finite dimensional
toy example was studied in [2].

Our proof of the large deviations principle relies on the weak convergence method introduced
in [21] and is based on a variational representation formula for certain functionals of the driving
infinite dimensional Brownian motion. However, the approach of [21] can not be directly applied
to the SGWE and requires a number of modifications, see Section 5 below.

Recently in [61] the authors have established an LDP for a certain class of Banach space
valued stochastic differential equations by a different method, but their argument does not apply
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to SGWE studied in this paper because, for example the wave operator does not generate a
compact Cp-semigroup.

Finally, we note that the approach we developed in this paper can be applied to a number of
problems that are open at present, including the beam equation studied in [14], and the nonlinear
wave equation with polynomial nonlinearity and spatially homogeneous noise. In particular, this
method would generalize the results of [52] and [64]. Our approach would also lead to an exten-
sion of the work of Martirosyan [48] who considers a nonlinear wave equations on a bounded
domain. We believe that the methods of the present work will allow us to obtain the large devi-
ations principle for the family of stationary measures generated by the flow of stochastic wave
equation, with multiplicative white noise, in non-local Sobolev spaces over the full space R¢.

The organisation of the paper is as follows. In Section 2, we introduce our notation and state
the definitions used in the paper. Section 3 contains some properties of the nonlinear drift terms
and the diffusion coefficient that we need later. In Section 4 we prove the existence of a unique
global and strong in PDE sense solution to the skeleton equation associated to (1.2). The proof
of Large Deviations Principle, based on weak convergence approach, is provided in Section 5.
In Appendix A, we recall the intrinsic and extrinsic formulation of SGWE from [15] and state,
without proof, an equivalence result between them. We conclude the paper with Appendices B
and C, where we state modified version of the existing results on global well-posedness of (1.2)
and energy inequality from [15] that we use frequently in the paper.

Finally, let us point out that the current paper is an expanded and corrected version of paper
[10].
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2. Notation

For any two non-negative quantities a and b, we write a < b if there exists a universal constant
¢ > 0 such that a < cb, and we write a ~ b when a < b and b < a. In case we want to emphasize
the dependence of ¢ on some parameters aj, ..., ax, then we write, respectively, <4, ...

_____ .- We will denote by Bg(a), for a € R and R > 0, the open ball in R with center at a and
we put Bg = Br(0). Now we list the notation used throughout the whole paper.

—a

e N ={0,1,---} denotes the set of natural numbers, R = [0, c0), Leb denotes the Lebesgue
measure.

e Let I C R be an open interval. By L?(I; R"), p € [1, 00), we denote the classical real Ba-
nach space of all (equivalence classes of) R”-valued p-integrable maps on /. The norm on
LP(I;R") is given by
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1
P

Null Lo Rey i= / lux)|?dx | , uel?P(I;R"), 2.1
4
where | - | is Euclidean norm on R”. For p = oo, we consider the usual modification to

essential supremum.
e For any p €[1, o0], Lf;c (R; R"™) stands for a metrizable topological vector space equipped
with a natural countable family of seminorms {p;} ;e defined by

pj@):=lulLrs,rr),  u€Lp(R;R™), jeN. (2.2)

e By Hk’l’(]; R”), for p € [1, 00] and k € N, we denote Fhe Banach space of all u € L?(I; R")
for which D/u € LP(I;R"), j =0, 1, ..., k, where D/ is the weak derivative of order j. The
norm here is given by

k P

el grer (1. := ZIID-"uH{p(,;Rn) , ue HOP(I;RY). (2.3)
j=0

o We write H{;’CP (R; R™), for p € [1,00] and k € N, to denote the space of all elements u €
Lﬁ)C(R; R™) whose weak derivatives up to order k belong to Lﬁm (R; R™). It is relevant to
note that Hllf)’cp (R; R") is a metrizable topological vector space equipped with the following
natural countable family of seminorms {g;} jeN,

k, .
qj(u):= “u”Hk.p(Bj;]Rn), ue HIOCP(R; R™), jeN. 2.4)
The spaces HK2(I;R") and Hl];’CZ (R; R™) are usually denoted by HK(I;R™) and
H lko - (R; R") respectively.
o We set

H:=H*(R;R") x H'(R; R"), Hioe := HZ.(R; R") x H (R; R"). (2.5)

e To shorten the notation in calculation we set the following rules:

— if the space where function is taking value, for example R”, is clear then to save the space
we will omit R”, for example H*(I) instead H¥(I; R");

- if I =(0,T)or (—R,R)or B(x, R), for some T,R > 0 and x € R, then instead of
LP(I; R™) we write, respectively, L”(0, T; R"), LP(Bg;R"), LP(B(x, R); R"). Simi-
larly for H* and H]’(‘)C spaces.

— write H(Bg) or Hg for H>*((—R, R); R") x H'((—R, R); R").

e For any nonnegative integer j, let C/(R) be the space of real valued continuous functions
whose derivatives up to order j are continuous on R. We also need the family of spaces

C}(R) defined by
¢l (R) == {u €C/(R):Va € N, a < j, IKq. | D ul| o) < Ka} .
For j = 0 we will write Cy(R) instead CJ(R).

5
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e Given T > 0 and a real Banach space E, we denote by C([0, T']; E) the real Banach space
of all E-valued continuous functions u : [0, T] — E endowed with the norm

lullcqo,r1;6) = sup llu@®lE, ueC(0,T]; E).
1€[0,T]

By OC([O, T1; E) we mean the set of elements of C([0, T']; E) vanishes at origin, that is,
oCU0, T]; E) :={ue€C(0,T]; E) : u(0) = 0}.

e For given metric space (X, p), by C(R; X) we mean the space of continuous functions from
R to X which is equipped with the metric

e¢]

1
(f.) > Y mymin{l, sup p(f(0).8(0))).

j=1 2 tel—j,jl

e We denote the tangent and the normal bundle of a smooth manifold M by TM and NM,
respectively. Let §(M) be the set of all smooth R-valued function on M.

e A map u:R — M belongs to H/;C(R; M) provided that 6 o u € Hlkoc(R; R) for every 6 €
$(M). We equip H/ﬁw (R; M) with the topology induced by the mappings

HE (R;M)3urs6oucHf (R;R), 0eF(M).

Since the tangent bundle 7 M of a manifold M is also a manifold, this definition covers
Sobolev spaces of T M-valued maps too.

e By L(X, Y) we denote the space of all linear continuous operators from a topological vector
space X to Y. If Hy, H, are two separable Hilbert spaces then % (Hy, Hy) C L (Hy, H»)
will denote the space of Hilbert—Schmidt operators acting from H; to H>.

e We denote by S(R) the space of Schwartz functions on R and write S’(R) for its dual, which
is the space of tempered distributions on R. By L% we denote the weighted space L2(R, 1),

where dA(x) := e’xzdx, x eR.
3. Preliminaries

In this section we discuss all the required preliminaries about the nonlinearity and the diffusion
coefficient that we need in Section 4. We are following Sections 3 to 5 of [15] very closely here.

o~

Below we use the notation F(-), along with™, to denote the Fourier transform.
3.1. The Wiener process

Let u be a symmetric Borel measure on R. The random forcing we consider is in the form of
a spatially homogeneous Wiener process on R with a spectral measure u satisfying

/(1 +1x1%)? u(dx) < 0. (3.1
R

6



Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

By L%(R, i, C) we denote the Banach space of complex-valued functions that are square inte-
grable with respect to the measure u.

Definition 3.1. An S’(R)-valued process W = {W(z),t > 0}, on a given stochastic basis
(2,5, (St)r>0, P), is called a spatially homogeneous Wiener process with spectral measure
provided that

(1) forevery ¢ € S(R), {W(t)(¢),t > 0} is a real-valued (§,)-adapted Wiener process,

2) Wt)(ap + ) =aW(t)(p) + W()() holds almost surely for every + > 0, a € R and
@, ¥ € S(R),

(3) forevery 1 > 0 and g1, 92 € SR), E [W (1) (01) W (1) (@1)] = 11, $2) 120 -

It is shown in [56] that the Reproducing Kernel Hilbert Space (RKHS) H,, of the Gaussian
distribution of W (1) is given by

Hy =i v € PR, 1, ©), (1) =¥ (=), ¥ € R

Note that H,, endowed with inner-product
(V1. Vot y, = / Y1 (V200 u(d),
R

is a Hilbert space.

Recall from [56,57] that W can be regarded as a cylindrical Wiener process on H,, and it takes
values in any Hilbert space E, such that the embedding H, < E is Hilbert-Schmidt. Since we
explicitly know the structure of H,, the next result, whose proof is based on [54, Lemma 2.2]
and discussion with Szymon Peszat [55] shows that assumption (3.1) is equivalent to saying that
the paths of W belong to C([0, T']; H)?(]R)), where the space H; (R),s > 0, is defined as the
completion of S(R) with respect to the norm

2

laell 2z ) = / A+ Py IFG 2wy P dx | (32)
R

. . . . 2
where F denoted the Fourier transform and, with a slight abuse of notation, A(x) =e¢ ™, x € R,
denotes the density of the measure X.

Lemma 3.2. Let us assume that the measure v satisfies (3.1). Then the identity map from H,
into Hf (R) is a Hilbert-Schmidt operator.

Proof of Lemma 3.2. To simplify the notation we set

LR, p):=(f € L*(R, u; ©): f(x) = f(=x), ¥x €R}.

7
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Let {ex}ren € S(R) be an orthonormal basis of L%S)(]R, ). Then, by the definition of Hy,
{F(exm)}reN is an orthonormal basis of H,,. Invoking the convolution property of the Fourier
transform and the Bessel inequality, we obtain,

PCTIFEDY / A+ [ PIF (A2 F ) ) () dx

k=1 k=1 R

< [a+py (Z F (M F ) (x>|2> dx
R k=1

2
dx

f F(*72) ¢ = e @)
R

= [asuer (3
R k=1

< [+ wPPIF (12) @ - P w2 da
R2

- /(1 +lx + 2D F (,\1/2) 012 1(dz) dx
RZ

SNy g, [+ 1222 e
R

Hence Lemma3.2. O

It is relevant to note here that H)% (R) is a subset of Hl%)c (R) and the embedding is continuous.
Remark 3.3. It is important to note that all the results of this paper are valid for any Wiener
process which takes values in the space Hf(R) not just for the Wiener process which is space
homogeneous. However, in the case of space homogeneity, the solution process will be space

homogeneous if the initial data is space homogeneous.

The next result, whose detailed proof can be found in [51, Lemma 1], plays very important
role in deriving the required estimates for the terms involving diffusion coefficient.

Lemma 3.4. If the measure y satisfies (3.1), then H,, is continuously embedded in Cl%(IR). More-

over, for given g € Hj(B(x, R); R™), where x e R, R > 0 and j € {0, 1,2}, the multiplication
operator

H,3&w> g-£ € H/(B(x, R); R"),

is Hilbert-Schmidt and 3 ¢ > 0, independent of R, x, g, & and j, such that

1§ = &-&ll.em,. 1niBo.R):RY) = <lgllHiB&,R):R)-

8
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Remark 3.5. Note that the constant ¢ of inequality in Lemma 3.4 does not depend on the size
and position of the ball. However, if we consider a cylindrical Wiener process, then ¢ will also
depend on the center x but will be bounded on bounded sets with respect to x.

3.2. Extensions of non-linear term

Recall that M is isometrically embedded into a certain Euclidean space R" and T, M C R"
and N,M C R" are the tangent and the normal vector spaces at p € M, respectively. Further
recall that A is the second fundamental form tensor of M C R". Thus, for each p e M, A, :
TyM x T,M — N,M. It is well known, see e.g. [41], that A,, p € M, is a symmetric bilinear
form.

Since we are following the approach of [7], [15], and [40], one of the main steps in the proof
of the existence theorem is to consider the problem (1.2) in the ambient space R" with an appro-
priate extension of A and Y from their domain to R”. In this section we discuss two extensions
of A which work fine in the context of stochastic wave map, as displayed in [15].

Remark 3.6. Let us note that we only prove the existence of a global solution to SPDE in the
Euclidean space, obtained by considering suitable extensions of A and Y to R”, for the initial
data taking values in the manifold M and not for an arbitrary initial data. On the other hand, it
is possible to prove that the approximating equation (4.10) has a local solution for every initial
data. But we don’t know if this solution is global unless the initial data takes values in M.

The same remarks apply to the skeleton equation (4.10) studied in Section 4.

Let us denote by £ the exponential function

TR" > (p,§) > p+§€R”,

relative to the Riemannian manifold R” equipped with the standard Euclidean metric. The proof
of the following proposition about the existence of an open set O containing M, which is called
a tubular neighborhood of M, can be found in [53, Proposition 7.26, p. 200].

Proposition 3.7. There exists an R"-open neighborhood O around M and an N M -open neigh-
borhood V around the set {(p,0) € NM : p € NM} such that the restriction of the exponential
map Ely : V — O is a diffeomorphism. Moreover, the neighborhood V can be chosen in such a
way that (p,t&) € V whenevert € [—1,1] and (p, &) € V.

In case of no ambiguity, we will denote the diffeomorphism £|y : V — O by £. By using the
Proposition 3.7, diffeomorphism i : NM > (p, &) — (p, —&) € NM and the standard argument
of partition of unity, one can construct a function Y : R” — R” which identifies the manifold M
as its fixed point set. To be precise we have the following result.

Lemma 3.8 ([15, Corollary 3.4 and Remark 3.5]). There exists a smooth compactly supported
function Y : R" — R" which has the following properties:

(1) restriction of Y on O is a diffeomorphism,
2) T|0 =Eo0io& 10— O isan involution on the tubular neighborhood O of M,
(3) Y(T(q)) =q foreveryq € O,



Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

4) ifge O, then Y(q) =q ifand only ifqg € M,
(5) if pe M, then

&, provided § € T,M,

T (p)§ = .
—& provided§ € NyM.

The following result is the first extension of the second fundamental form that we use in this
paper.
Proposition 3.9 ([ 15, Proposition 3.6]). If we define

n 2

T /!
B,(a,b) = ”2::1 Py (@)aibj =Y, (a.b), geR", a,beR", (3.3)
and
1
Ag(a,b)= EBT(q)(T/(q)a, Y(q)b), ge€R", a,beR", (3.4)

then, for every p € M,

Ap(s, 77) = AP($7 T}), é’ n € TpMa
and
Av) (Y (@)a, Y (¢)b) =Y'(¢)Ay(a,b) + By(a,b), g € O, a,b e R". (3.5)
Along with the extension .4, defined by formula (3.4), we also need the extension <7, defined
by formula (3.6), of the second fundamental form tensor A which will be perpendicular to the
tangent space.
Proposition 3.10 ([ /5, Proposition 3.7]). Consider the function
o R" xR" xR" > (q,a,b) — ;(a,b) eR",
defined by formula
n
Sy, b) =Y aij(@bj = Ag(mg(@). 7, (®).  qeR", acR", beR", (3.6)
i,j=1
where p, p € M, is the orthogonal projection of R" onto T,M, and v;j, for i, j € {1,...,n},

are smooth and symmetric (i.e. v;j = vj;) extensions of vij(p) := Ap(mwpe;, mpej) to ambient
space R". Then < satisfies the following:

(1) < is smooth in (q, a, b) and symmetric in (a, b) for every q,
(2) (&, n)=ApE, n) foreverypeM, &, neTyM,
(3) p(a,b) is perpendicular to T, M for every p e M, a,b e R".

10
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3.3. The Cy-group and the extension operators

In this subsection we recall some facts on infinitesimal generators of the linear wave equation
and on the extension operators in various Sobolev spaces, see [15, Section 5] for details.

Proposition 3.11. Assume that k,n € N. The one parameter family of operators (S;), t € R
defined by

cos[t (—A) /2 ]u! + (=) sinft (=) 2!
o (") cos[t(—A) /2" + (—A)~Y2sin[t (= A) /2" 37
“Nv) 7 | ==)Y2sin[t (=)' + cos[t(—A) /2 ]p! '
(=) sint (- 0P+ cos[t(—A)!/2]v"

is a Co-group on
H* = HU(R; R") x HE(R; R,
and its infinitesimal generator is an operator G* = G defined by
D(G") = H*2(R; R") x H*' (R; R"),
o(2)=(a)
Remark 3.12. It is enlightening to observe that the Co group (S);cr on the Hilbert space HK

defined above in (3.7) has a unique extension to a Co group (S;);er on the topological vector
space H{‘OC = gkt (R; R™) x Hllf)C (R; R™). In particular, on the space Hjoc = ’Hlloc.

loc
The following result is well known, see e.g. [47] and [34, Section I1.5.4].
Proposition 3.13. Let k € N. There exists a linear bounded operator
E*: H*((—=1,1);R") > H*(R; R"),
such that
(1) Ekf = f almost everywhere on (—1, 1) whenever f € H*((~=1,1); RM),
(ii) EX f vanishes outside of (—2,2) whenever f € H*((—1,1); R™),
(iii) EXf e CK®R;RM), if f € CK([—1,1]; R")),
(iv) if j € N and j <k, then there exists a unique extension of E *to a bounded linear operator
from H/((—1, 1); R") to H/ (R; R"™).
Definition 3.14. For k € N, r > 0 we define the operators

EX:HI((=r,r);R") — H/(R; R"), jeN,j<k,

11
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called as r-scaled EX operators, by the following formula

X
r

EEN@ =By = fonl(5). xeR, (38)

forr > 0 and f € H*((—r,r); R").
The following remark will be useful in Lemma 4.7.

Remark 3.15. We can rewrite (3.8) as (EX £)(x) = (E* £,)(2). f € H*((—r,r); R") where f; :
(—1,1)3 y+— f(yr) e R". Also, observe that for f € H'((—r,r); R")

2 —1 2
”fr”Hl((—l,l);R”) = (r + r)”f”Hl((—r,r);R")'
3.4. The diffusion coefficient

In this subsection we discuss the assumptions on diffusion coefficient ¥ which we only need
in Section 4. It is relevant to note that due to a technical issue, which is explained in Section 5,
we need to consider stricter conditions on Y in establishing the large deviation principle for (1.2).
Here Y, : T,M x T,M — T,M, for p € M, is a mapping satisfying,

Y& mIr,u < Cy(I +1§lm,m + Inl1,Mm), PEM, §&neTpM,

for some constant Cy > 0 which is independent of p. By invoking Lemma 3.8 and [15, Proposi-
tion 3.10], we can extend the noise coefficient tomap ¥ : R"” xR" xR" 5 (p,a,b) > Y,(a,b) €
R™ which satisfies the following:

Y.1 forq € O and a,b e R",

Yrg) (Y(@)a, Y (@)b) =Y (q)Y,(a,b), (3.9)

Y.2 there exists a compact set Ky C R" containing M such that Y, (a, b) =0, for all a, b € R",
whenever p ¢ Ky,

Y.3 Y is of C?-class and there exist positive constants Cy,, i € {1,2, 3} such that, with notation
Y(p,a,b):=Y,(a,b), forevery p,a,beR",

[Y,(a, b)| < Cy,(1+ |al + |b)), (3.10)
oY .
a—p_(P,a,b) <Cy(I+lal+1b), i=1,...,n, (3.11)
l
aY( b)| + aY( b)) <C | =1 (3.12)
aai paas 8bl pvas = Y27 1= 9"'»n7 .
%Y .
(p,a,b)| <Cy,, x,ye{p,a,byandi,je{l,... ,n}. (3.13)
3)6.,'3)11

12
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4. Skeleton equation

The purpose of this section is to introduce and study the deterministic equation associated to
the stochastic geometric wave equation (1.2). Define a space

JHY20,T, Hy) = {h € C (0. T). Hy) :h € L*0,T; Hﬂ)} . 4.1

Note that OHl’Z(O, T, H,) is a Hilbert space with norm fOT A @) ”%h dt and the map

t
L*0,T;Hy) > hv>h= ti—)/fl(s)ds € H"(0,T, Hy), (4.2)
0

is an isometric isomorphism. For h € yH ! ‘2(0, T, H,), we consider the so called “skeleton equa-
tion” associated to problem

D;0,u =D, dcu + Y, (du, deu) b,
4.3)
u(0, ) =ug, du(t, )=0 = vo
ie.,
Opu = Oxxtt + Ay (O;u, 0pu) — Ay (0xu, dxu) + Y, (0ru, 0xut) h > 4.4)
(0, ) = up, du(0,) = vo. '

Recall that M is a compact Riemannian manifold which is isometrically embedded into some
Euclidean space R”, and hence, we can assume that M is a submanifold of R”. The following
main result of this section is closely related to [15, Theorem 11.1].

eorem4.1. Let us assume that 1 >0, h € ’ , 1, and (ugp, Vo) € X ; .
Th 4.1.L hat T >0, h € yH"*(0,T, H,) and ( YeHZ . x H! (R; TM)

Then there exists a function u : [0, T) x R — M such that for every R > T the following asser-
tions hold:

() u belongs to C' ([0, T) x R: M),
(i) [0,T) >t u(t,-) € H*((—R, R); M) is continuous,
(iii) [0, T)> ¢t u(t,-) € H'((—R, R); M) is continuously differentiable,
@1v) u(0,x) =uo(x) and 9;u(0, x) = vo(x, w) holds for every x € R,
(v) for every vector field X on M, and everyt >0 and R > 0

t

@), X @O 7,001 = (v0, X 0)) 7,001 + / (DBt (s), X ()7, 1 ds
0
t

+/<3zu(s),Va,u<s>X>Tu<x>Mds
0

13
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t

+ /(X(M(S)), Yu(s) (0rue(s), 0xu () ()7, m ds,
0

holds in L2(—R, R).

Moreover, if R>T and U : [0, T) x (=R, R) = M is a map which satisfies conditions (ii)—(v)
and

(") U belongs to C'([0, T) x (—R, R); M),

then

U(t,x)=u(t,x) forevery |x|<R—t and t€[0,T). 4.5)
Definition 4.2. Assume that T > 0, h € ,H"(0, T, H,) and (4o, vo) € H2, x H.(R; T M).
A function u : [0, T) x R — M satisfying the conditions (i)—(v) in Theorem 4.1 is called an
intrinsic solution to problem (4.4).
A function u : [0, T) x R — M is called an extrinsic solution to problem (4.4) if and only if
for every R > T the following five conditions hold,

(1) [0,T) >+ u(t,-) € H*((—R, R); R") is continuous,

(2) [0, T)> 1+ u(t,) € H'((—R, R); R") is continuously differentiable,
(3) u(t,x) e M foreveryt €[0,7T) and x € R,

4) u(0,x)=up(x) and 9,u(0, x) = vo(x) for every x € R,

(5) forevery t € [0, T') the following holds in L2((=R, R); R™M),

t

dru(t) =vo + / [Bxx1t(s) = Aus) (Bxu(s), Bxtt(5)) + Aus) (Bru(s), du(s))] ds
0

t

—i—/Yu(s)(a,u(s),axu(s))}'z(s)ds. (4.6)
0

Remark 4.3. Let us observe that due to Theorem A.3 a function u : [0, T) x R — M an intrinsic
solution to problem (4.4) iff it is an extrinsic solution to problem (4.4). Hence in what follows
we will simply use a notion “solution” to problem (4.4).

Remark 4.4. Using the Co-group (S;),cr from Remark 3.12 one could expect that if a function
u:[0,T) x R — M is a solution to problem (4.4), then the Hjo. function

Z. [0, T] St <8’:I,Eii)) (S H]oc,

satisfies the following mild-integral equation

14
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t t

Z(l)=Szzo+/Sz—sF(Z(S))ds+/Sz—s(G(Z(S))fl(S))ds, 1€[0,T], 4.7
0 0

where, for z = (u, v) € Hioc and y € H,, we put

0 0
o= (Auw, V) — Ay, am)  Gr= (mv, axu)y>' 49

It seems that in some sense the maps G and F are locally Lipschitz continuous. However, we
have not introduced a metric on the space HI%C X HILC to make this assertion rigorous. Instead
we have used some localization and approximation techniques to prove the existence of global
solutions to our skeleton equation (4.4). There are two main difficulties in the proof of such a
result. The first one is the invariance of the manifold M and the second one is the no-blowup. The
former issue is dealt with in Proposition 4.10 while the latter issue is treated in Proposition 4.12.
Our proof is motivated by a proof from the paper [15]. However, such a result is not sufficient
to establish LDP with a proper rate function because of the lack of compactness. This additional
problem is studied in the following Section 5.

The beginning of a proof of the existence part of Theorem 4.1. We begin with an observa-
tion that in view of Remark 4.3 it is sufficient to prove that there exists a function# : [0, T) xR —
M such that for every R > T the five conditions [1]-[5] from Definition 4.2 are satisfied.

For this purpose let us fix R > T and r > R+ T. Let ¢ : R — R be a smooth compactly
supported function such that ¢(x) =1 for x € (—r,r) and ¢(x) = 0 for x ¢ (—2r, 2r). Next,
with the convention z = (1, v) € H and u, = d,u, we define the following maps

0
F,:[0,T]xH>(t,2) > (E},[Au(v, v) —Au(ux,ux)]> eH,

0
(E}_ Yu(v, uy))-

) @ - Y(u)
Q"HBZH<¢~T’(M)U)EH’

G [0, TIxH>(,2)—~ ( ) e H(Hy, H),

where for (u,v) € H, E,l_tY,,(v, Uy) € HILC(R; R"™) and (Erl_tYu(v, uy))- is the multiplication
operator defined by

(E}_ Yy, ux))-: Hy 3 &> (E}_ Y, (v,uy)) - £ € Hp (R; R™)
satisfy Lemma 3.4. Moreover, we define, for k € N, the following maps

1zl _,

Fric: [0, TIXH3 (1,0 > x(—

)EA(t,2) €,
) 294, _,
G [0, TIxH>(t,2) ~ X(T)Gr(z, 7) € L (Hy, H),

where x (s) = max{0, min{1,2 —s}}, s >0, i.e.

15
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I, if sel0,1],
x:[0,00)3s—{2—-s, if se(l,2], (4.9)
0, if s€(2,00).

The following two properties of Q,, which we state without proof, are taken from [15, Sec-
tion 7].

Lemma 4.5. If z = (u,v) € H is such that u(x) € M and v(x) € TyxyM for x € (—r,r), then
Q/(z)=zon(—r,r).

Lemma 4.6. The mapping Q, is of C'-class and its derivative, with z = (u, v) € H, satisfies

- Ywuw!

Q(w= <¢ AT @) (v, wh) + T @Ww?]

), w:(wl,wz)E’H.

In the following arguments, till the end of the proof of Corollary 4.9 we choose and fix k € N.
Our first objective is to prove the well posedness of the following approximating version of
equation (4.7),

1 1

(1) = S& + / SiyFyx(s, 2(5)) ds + / Sis (Grals, 2()h(s)) ds, 1€[0,T].  (4.10)
0 0

This will be achieved in Corollary 4.8 after we have proved the next lemma. The proof of the
Theorem will be completed later. O

The next result is about the Lipschitz properties of the localized maps defined above.

Lemma 4.7. The functions ¥, and G, are continuous. Moreover, the functions ¥,y and G, are
globally Lipschitz in the second variable, i.e. there exists a constant C, > 0 such that

1¥r k(@ 2) = Fri@, wlly + 1Gri(t, 2) — Gra(t, W)l 2,7
<Crullz—wlz, 4.11)

forallt €[0,T] and z, w € H.

Proof of Lemma 4.7. The continuity of functions F, and G, is a consequence of the Sobolev
embedding H'(R) € C,(R) in conjunction with Lemma 3.4.

To prove the Lipschitz property, let us choose and fix ¢ € [0, T] and z = (4, v), w = (4, V) €
‘H. Note that due to the definitions of F,; and G, , it is sufficient to prove (4.11) in the case
Izl lwllp,_, <k.

Let us set I, :== (¢t —r,r —t). Since in the chosen case F, x(t,z) = F,(t, z) and F, ; (¢, w) =
F, (¢, w), by Proposition 3.13 and Remark 3.15, there exists Cg(r, t) > 0 such that

IFrk(t,2) = Fri(t, w)llyg < Ce(r, 1) [N (0, v) — Az (@, D)l g1 4,
+||-Au(u)m ux)_-Aﬁ(ﬁxv ﬁx)”[—]l(]rt)]- (4.12)

16
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Since Y is smooth and has compact support, see Lemma 3.8, from (3.4) observe that
A:R">g+— A, € LR" x R"; R"),

is smooth, compactly supported (in particular bounded) and globally Lipschitz. Recall the fol-
lowing well-known interpolation inequality, refer [9, (2.12)],

Nl ooy < kg lluell 2yl gy € H' (D), (4.13)

L
VT

te€[0,T], |I,;/] =2(r —t) > 2R. Thus, we can choose k, = 2max{1, ﬁ} Consequently,

using the above mentioned properties of A and the interpolation inequality (4.13) we get

where [ is any open interval in R and k, = 2max{1, } Note that since r > R + T and

1A (0, 0) = Az @, D)l 2,y < 1A, 0) = Az @, )2,
+ 1Az (v, v) = Az (0, V)l 24,
+ 114 (0, v) — Aa (0, V)l 21,
< LAllvl ool =il 2,
+ Ba[llvllzeo + 18l ] v =l 2,
=C(La Ba, R k. ke)lz —wll#,_,, (4.14)
where L 4 and B 4 are the Lipschitz constants and bound of .4, respectively. Next, since A is

smooth and have compact support, if we set L - and B 4 are the Lipschitz constants and bound
of

AR">g—d;Ae LR" x R" x R"; R"),

then by adding and subtracting the terms as we did to get (4.14) followed by invoking the prop-
erties of A’ and the interpolation inequality (4.13) we have

lldx [Au(, v) = Az (@, D)] | 221,
< lldu A, v)(ux) — dzg AQ@, V) @) | 221, + 2I1AWx, V) = Az (U, D)l 227,
< L lucllzoocan 0l oocpylu = @l 2, + BarllvllZoo gy lux — dixll 2,
+ B [Ivllt,) + 100 oot ] v = 0l p2¢g, 0 i oo,
+2[Lallu — il oo 10l oo lvx 227,y + Ballve = Ol z2¢r, 0l L)
+BAllv — 0l Lo, [10x ||L2(I,,)]

~ 2 ~ 2
,SLA,BA,LA/,BA/,ke [||u - M||H2(1,,)||M||H2(1,,)||U||H1(1”) + llu— M||H2(1,,)||U||H1(,”)

. . - - 2
+Hlv —=vllz1,) [”U”Hl([,,) + ||U||H|(1,,)] Nl g2qr,,y + e =l g2,y 10150,

v =0l g,y (Wl + 100 m1,)]

17



Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

Skllz —wligg,_, (4.15)

where the last step holds since ||zl%,_,, lwll#,_, < k. By following similar procedure of (4.14)
and (4.15) we also get

Ay s ux) — A G, W) | g1 1,y SLaBAL 1B g ke k 12— W3, _, -

Hence by substituting the estimates back in (4.12) we are done with (4.11) for F, x-term.
Next, we consider G, x. As for F,x, it is sufficient to perform the calculations for the case
lzll#,_,> lwllx,_, <k. By invoking Lemma 3.4 followed by Remark 3.15 we have

16 (1, 2) = Gract. )1 gy, 3y < IS Yu o)) - —(E}_ Ya(@.00) - iy i1 )
<t Ce(r D) 1Yu (v, 1) = Ya (@, @) 15 -

Recall that the 1-D Sobolev embedding gives H L(R) = L®(R). Consequently, by the Taylor
formula [24, Theorem 5.6.1] and inequalities (3.11)—(3.12) we have

DACK NS TGRS F / Yoy 0(x), 1 (6)) = Vi (0(x), (1)) 2 dx
Irt

+/|Yﬁ(x)(v(x)7ux(x))_Y:Z(x)(v(x)»ﬁx(x)ﬂzdx

Iyt

+/|Y.z(x)(v(x),ﬁx(X))—Ya(x)(ﬁ(X),ﬁx(X))lzdx

Iyt
= G} [1+ 101y, + Nl e = 2
H(Iy1) H'(I)) H2 (L)
2 ~ 2 ~2
+ CY2 I:”Mx — ux”Hl(Irt) + ”U — UHHI(I”):I
Sk.cy.cr, lz—wll, - (4.16)

For homogeneous part of the norm, that is L2-norm of the derivative, we have

I [Yu(v, ux) = Y (0, i) ||§2(, )

+ g—;(u(x), v(X), Uy (x))%(x) - g—i(ﬁ(x), V(X), iy (x))%(x)

2

~i

(x)

2

'—(u(x) v(x), ux(x)) X( )——(u(X) v(x), ux(X))—( )‘ }
=Y1+Yr4+7Y3. “4.17)

18
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We will estimate each term separately by using the 1-D Sobolev embedding, the Taylor formula
and inequalities (3.11)—(3.13) as follows:

; i i 2
" 5/2”3—;(“@’ v(), ux(xDCZC () — g—;(ﬁ(x), v(x),ux(x»‘f;; )
I =

Y _ du' Y dit | |?
| 5 ), V). 1 () T (6) = 2 ), 00), 103 (0) ()
1Zi dx api dx
Y _ dit! Y dit | |?
| 5 ), V0.1 () T () = 2 ) D), 103 (0) ()
1Zi dx api dx
Y dii’ Y dit | |?
| 5 ), D00, 1 () T () = 5 ), D), 3 (0) = () }dx
Di dx opi dx

2 ~n2 2 2 2 2 ~ 2
Sl =30, ey, + CF [V 1001y + g [l = 2,
2 ~12 ~ 12 2 ~ 12 ~ 12
+ CY3 ”U - v”LZ(I,t)”ux”Hl(I,-,) + CY3 ”MX - MX”LZ(]”)HMXHHI(I”)

2
Sk.Cry,Cry Oy, Iz = wligy, (4.18)

Terms Y> and Y3 are quite similar so it is enough to estimate only one. For Y2 we have the
following calculation

sy o . v 20— 2 1w, v, 60 2 )
~ ] ] da; ’ T dx da; ’ T dx
Iy T
Y _ dv' Yy _ dvi |7
+ 8—(u(x),v(X),ux(x)) (x) — —@x), v(x), uy(x))——(x)| dx
a; dx da; dx
Yy _ dv' Yy . dvi |7
+ a_(”(x)’ V(x), Uy (X)) ——(x) — —(@(x), v(x), iy (x))——(x)| dx
a; dx da; dx
Y _ dv' Y _ dvi |
+ a—(u(X), V(x), iy (X)) ——(x) — —@x), v(x), uy(x))——(x)| dx
a; dx da; dx

<2 02 2 2, =2 2
~ CY3||M u”H‘(I,,)”vX”LZ(I,,) +CY3 ”U v”H‘(Ir,)”vX”LZ(I,,)

2 ~ 12 2 2 ~ 112
+ CY3 ||ux — Uy ”HI(I”) ”vx ”L2(1n) + CY3CI‘,Z‘ ||Ux — Uy ||L2(1”)

Sk lz—wli3y, - (4.19)

Hence by substituting (4.18)—(4.19) into (4.17) we get
I [Yu (v, ) = Ya(@, @] 172, ) Sk CrunCryCry 2=l s
which together with (4.16) gives G, part of (4.11). Hence the Lipschitz property from

Lemma 4.7 follows. O
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The following result follows directly from Lemma 4.7 and the standard theory of PDE via
semigroup approach, refer [1] and [45] for a detailed proof.

Corollary 4.8. For all £ € H and h € OHI’Z(O, T,H,), there exists a unique z = zx in
C([0, T]; H) which is a solution of equation (4.10).

From now on, for each r > R 4+ T and k € N, the solution from Corollary 4.8 will be denoted
by z,x and called the approximate solution. To proceed further we define the following two
auxiliary functions

~ 0
For:10, T H 1,z v
10, T1xH 5 ( Z)H(w-T(u)FE,k(t,z)ﬂoBu(v,v)—¢Bu<ux,ux>>

— 0 eH
A@ - h(u) 4 2¢x - b’ (u)uy ’
and
0

Gri [0, TIxH> (1, 2) > <go : T’(u)Gf’k(t,z)> <

Here Ff (8, Zrk(s)) and Gf’ « (5, 2rk(s)) denote the second components of the vectors
F, ik (s, z-k(s)) and G, i (s, 2,k (s)), respectively. The following corollary relates the solution
Zrk with Es transformation under the map Q, and allows to understand the need of the functions
F,y and G, .

Corollary 4.9. Let us assume that & .= (Erzuo, Erl vo) and that z, € C([0, T1; H) is a solution
of equation (4.10). Then the 7, = Q,(z,.) satisfies,

t 1

() = S1Q(6) + / Sy Fots. 2 () ds + f Sy (G (5. 2rp s)i(s)) ds, 1 € [0, T].
0 0

Proof of Corollary 4.9. First observe that by the action of Q.. and G on the elements of # from
Lemma 4.6 and (3.11), respectively, we get

QL (2 (8)) (Frk (5, 2k (8)) + Gk (s, 2k ($)A(s))

0
- (cp AT W DIE2 5, 2 (5)) + 1Y Wk DG (5, 20k (D)) | ) '
(4.20)

Moreover, since by applying Lemma 4.6 and (3.11) to z = (u, v) € H we have

— 0\Gr— GO o [T I
P = Q0= 60= (oo 4 i) )
_< ¢ 1wl ) @21)
¢ +2¢ - (T WI6) +g- (X @I + o -1 @l ) ) &
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substitution z = z, x(s) = U,k (s), vk (s)) € H in (4.21) with (4.20) followed by definition (3.3)
gives, for s € [0, T'],

Q; 27k (5)) (Fra (s, 2rk () + Gri(s, 2:k(5))) + F(zrk(s))

0
=1 ¢ [T/(Mr,k(s))](Fik(sv 2k ($))) + @ - [ Y7 (ur ik ()10 k (5), vy i (5))
—@ - [y g ()1t 1 (5), Oty ik (5))

0
a ( —@" Lk (5)) +2¢" - [ Wy k()1 Oxttr i (8)) + @ - [ Wrk (NG (5, 214 (5))) )
= Fri(s, 2 k() + Grals, 24(5)).

Hence, if we have

T
/ (I, k(s 2k () 13 + [Grk (s, 2k ($)A(s) 3] ds < o0, (4.22)
0

then by invoking [15, Lemma 6.4] with

L=Q, ,K=U=H,A=B=G,g(s) =0, f(s) = F,i(5, 2.4 () + Gri s, 2,k (5)) (),

we are done with the proof here. But (4.22) follows by Lemma 4.7, because & € OHl’Z(O, T,H,)
and the following holds due to the Holder inequality

T T
/ 1Gr k(5. 2k ($))A(8) 3¢ ds = / 1G4 (. 2rk DA | 1 Ry d5
0 0

1
2

T ST
< f 1G5, 2k - Iy gy, 1 )y 95 f )y, ds | - O
0 0

Next we prove that the approximate solution z, ; stays on the manifold. Define the following
three positive reals: foreachr > R+ T and k e N,

tli=inf{t € [0, T1: lzok (), , > kb,
w2 i=inf{r € [0, T]: |Zrx ()3, , > k),
tli=inf{r € [0, T1:3x, |x| <7 —1, uri(t,x) ¢ O},

=T ATEAT.

(4.23)

Also, define the following H-valued functions of time ¢ € [0, T']
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t

ax(t) = S, + / Sty 10,00 (VFri (5, 20 () ds
0
t

+ / Sis (Lo.m0) )Gk (5, 21 ()i (5)) dis,

0 (4.24)

t

Ek(t)=Ser($)+/Sz—sﬂ[o,rk)(S)Fr,k(S,Zr,k(S))dS
0
t

+ / oy (Lo.00) ()G (5. 21 (82 (5)) dis.
0

Proposition 4.10. For each k € N and & := (E,2u0, E,1 vo), the functions ay, dx, Zrx and Zyj

coincide on [0, ti). In particular, u,;(t,x) € M for |x| <r —t and t < ty.. Consequently, Ty =

1_ .2 3
T, =17, < 1.

Proof of Proposition 4.10. Let us fix k. First note that, due to indicator function,
ax = Zrk and ax = Zrx on [0, ). 4.25)

Next, since Er]_sf = f on|x| <r—s, see Proposition 3.13,and ¢ = 1 on (—r, r), by Lemma 4.5
followed by (3.5) we infer that

ll[o,rk)(S)[fr,k(s, Zrk (S)1(x) = L10,2) () [Fr i (s, 2k ($))1(x),

! " (4.26)
110,70 G r i (s, 2k ())e]l(x) = L0,7) () [Grx (5, Zrk (5))el(x), eeK,

holds for every |x| <r —s,0<s < T.Now we claim that if we denote

1 ~ 2
P(0) = S lax(®) =013, _,.

then the map s — p(s A 1) is continuous and uniformly bounded. Indeed, since, by Proposi-
tion 3.13, £(x) = (ug(x), vo(x)) € TM for |x| <r, the uniform boundedness is an easy con-
sequence of bound property of Cp-group, Lemmata 4.5 and 4.7. Continuity of s — p(s A 1)
follows from the following:

(1) for every z € H, the map ¢ ||z||%{H is continuous;
(2) for each ¢, the map

t
L*R)>u+— / lu(s)|*ds € R,
0

is locally Lipschitz.
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Now observe that by applying Proposition C.1 for
k=1,L=I1,T=r,x=0 and z(t)=w@®),v(®)) :=ar(t) —ai(t),

we gete(t,r; 0, z(¢)) = p(t), and the following

t
e(t,r;0,(t)) <e(0,r;0, z0) +/ V(s,z(s))ds. “4.27)
0

Here
Vi(t,z(t) == (u@), v()) 2p,_,) + (@), f@©))2p,_,) + (0xv(@), O f()) 128,
+(v(®), 8(1)) 12,y + (0xv(1), 0x8(1)) 2(B,_,)>

and
(f(();) ) i= 110,00 (DFrk (1, 20k (1)) — Fric(t, 2r i ()],
(g?t) ) = 1(0,r) (DGt 2k (O)A(E) — Gt 2rsc (DA(D)].

Due to the extension operators E> and E! the initial data £ in the definition (4.24) satisfies the
assumption of Lemma 4.5, $;Q,(§) = S;&, and so e(0, 0; 0, z(0)) = p(0) = 0. Next observe that
by the Cauchy-Schwarz inequality we have

Vt,z(0) < %nu(t)nizwﬂ) + %nv(t)nizwrf,) + %nf(t)niz(&f,) IS0
1 2 1 2 1 2
+ 510 f O,y + 51800525+ 510201725,
<3O+ Oy + 28O, .
D) H'(B;—) " 9 HY(Br—1)
By using above into (4.27) and, then, by invoking equalities (4.26) and (4.25), definition (4.23),

Lemma 3.4 and Lemma 4.7 we have the following calculation, for every ¢ € [0, T],

t t

1 ~
p() < / 3p(s)ds + 5 / 110,50 DIFS 1 (5, 2k (5)) = F (5, Zri (5D 115, s
0 0
1

1 - ,
+5 / 110,70y )1 GZ (5. 2k () = G (5. Zrk Oy 41, g1,y 10O I, s

2
0
t 1 t
<3 f p)ds +5C7, f 110,50 () 12k (8) = Zric I3, ds
0 0
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t

1 - .
+5C / 110,00 12k () = Zrk (I3, 1)1y, ds
0

t
<(B+C2 / P&+ [h©)1%,) ds. (4.28)
0

Consequently by the Gronwall Lemma, for ¢ € [0, 7¢],
t
(1) Sc.y P(O) exp / (I + 1)1, ) ds | (4.29)
0

Note that the right hand side in (4.29) is finite because & € OHl’z(O, T, H,). Since we know that
p(0) = 0 we arrive to p(r) =0 on ¢ € [0, 7¢]. This further implies that ag (¢, x) = a (¢, x) hold
for |x| <r —t and ¢t < 1. Consequently, z, x (¢, x) = Z,x(¢, x) hold for |x| <r —t and 7 < 7.
So, because 7, i (¢, x) = Q, (z,.x(¢)) and ¢ = 1 on (—r, r),

urk(t,x) ="Yu,i(t,x)), for x| <r—t, <. (4.30)

Since, by definition (4.23) of 7, u, x (t, x) € O, equality (4.30) and Lemma 3.8, gives u, x(t, x) €
M for |x| <r —t and ¢ < 7. This suggests that 7; < rk3 and hence 7, = rkl A rkz. It remains to
show that rkl = rkz. But suppose it does not hold and without loss of generality we assume that
rkl > tkz. Then by definition (4.23) and the continuity of z,  and Z, x in time we have

2 > 2
lzri(Tis Mz, <k but Nzek(ri, My, =k,
r— k r

2
-7

which contradicts the above mentioned consequence of p = 0 on [0, 7¢]. Hence we conclude that
rkl = 7,'k2 and this finishes the proof of Proposition 4.10. 0O

Next in the ongoing proof of Theorem 4.1 we show that the approximate solutions extend
each other. Recall that > R + T is fixed for given T > 0.

Lemma 4.11. Let k € N and & = (E?uq, E}vo). Then z,y41(t, X) = z,4(t,x) on |x| <r —t,
t <1, and T < Ty

Proof of Lemma 4.11. Define

1
p(0) =S llar1 (0 = ax Ol gy, )

As an application of Proposition C.1, by performing the computation based on (4.27)—(4.28),
with k = 0 and rest the same, we obtain
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t t

1

p0 =2 [ p6)ds+ 5 [ N0 O 2060160 = Loy OFH6. 20Dy ds
0 0

t
1 . .
+ 5/ 1110, 701) ()G (5, Zr k1 (D) (s) — 1[0,rk)(S)G%(S,Zr,k(s))h(s)”iz(gr_s)ds'
0
4.31)

Then, since F, and G, depends on u, i (s), 4, x+1(s) and their first partial derivatives, with respect
to time ¢ and space x, which are actually bounded on the interval (—(r — s),r — 5) by some
constant C, for every s < Tx4+1 A Tk, by evaluating (4.31) on t A T441 A 7% following the use of
Lemmata 4.7 and 3.4 we get

t

P ATt AT) <2 / P ATis1 A o) ds

0
EAT 1 ATk
1 2 2 2
+3 / IFS (s, 21 (9)) = F7 (s, 2k ) a5,y s
0
INT 1 AT
+% f IG5, 2k 1 (5DE () = G (5, 2rk DA, ds
0

t
Sk/p(s AT AT (1 + III%(S)II%IM)dS-
0

Hence by the Gronwall Lemma we infer that p =0 on [0, T4+ A T%].

Consequently, we claim that 7y < 741. We divide the proof of our claim in the following three
exhaustive subcases. Due to (4.23), the subcases when [|§|l;, > k+ 1 and k < [|§|l, <k + 1
are trivial. In the last subcase when ||§ |3, < k we prove the claim 73 < 7441 by the method of
contradiction, and so assume that 7y > 744 is true. Then, because of continuity in time of z, &
and z, k11, by (4.23) we have

ler k@Dl <k and lzeer1 (T Dllag, =k (4.32)

However, since p(t) =0 for t € [0, tx4+1 A 7] and (uo(x), vo(x)) € T M for |x| < r, by argument
based on the one made after (4.29), in the Proposition 4.10, we get z,  (f, x) = z x+1(¢, x) for
every t € [0, 7x41] and |x| < r — z. But this contradicts (4.32) and we finish the proof of our
claim and, in result, the proof of Lemma 4.11. O

Since by definition (4.23) and Lemma 4.11 the sequence of stopping times {7 }x>1 is bounded
and non-decreasing, it makes sense to denote by v the limit of {rx}x>1. Now by using [15,
Lemma 10.1], we prove that the approximate solutions do not explode which is same as the
following in terms of 7.
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Proposition 4.12. For 7y defined in (4.23), T := klim =T.
—00

Proof of Proposition 4.12. We first notice that by a particular case of the Chojnowska-Michalik
Theorem [26], when the diffusion coefficient is absent, we have that for each k the approximate
solution z, x, as a function of time ¢, is H 1 R; R™) x LZ(R; R™)-valued and satisfies

t

t t
k() =+ f Gy (s)ds + / Fi (5, 2 () ds + / Gra(s, 2ra (Vi (s)ds,  (4.33)
0 0 0

for t < T. In particular,

t

Ui (1) = £ + / vy (s) ds,

0

fort < T, where & = Erzuo and the integral converges in H I(R; R"). Hence

Oty i (8, X) = Uk (S, X), forall se[0,T],xeR.

Next, by keeping in mind the Proposition 4.10, we set

16 =Nkl g wrop,, a4 q@) :=log(l +llax®I, ).

By applying Proposition C.1, respectively, with k =0, 1 and L(x) = x, log(1 + x), followed by
the use of Lemma 4.7 we get

t t

1) <100) + / I(s)ds + / 110,01 (5) 0r £ (5. 9()) 125, d

0 0
t
+/ll[o,rk](S)(vr,k(S),w(S))Lz(B,,j)ds, (4.34)
0
and
! 2
O < (O)"‘f lar ()N,
q) =q ——ds
1+l
t t
(Vrk(s), () 2B, _, (0xvrk(s), Ox[@()]) 2B, _,
+/1[(),fk](s) . 2( )ds+/1[(),rk](s) i ul 3 ( )
/ L+ llar()l,, ; L+ llar(s)ll,,
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Wk VO i2ep, / PR TTOR VD) oy an g
Tk .

t
—i—/l[o, 1(s)
* 1+ llax ()13, 1+ llak ()13,

0
(4.35)

Here
@(s) == -Au,,k(s) (VU k (8), Vrk(5)) — Au,_k(s) (Oxttr i (), ax”r,k(s))»
Y (5) = Vi o (5) Qrttr k(5), Oyt k () (s).
Since by Proposition 4.10 u, x (s, x) € M for |x| <r — s and s < ¢, we have
urk(s,x) €M and  uy (s, x) = vk (s,x) € Ty, (5.9 M,
on the mentioned domain of s and x. Consequently, by Proposition 3.9, we get
Ay 5.0 r ke (85, %), Ur k(85 X)) = Ay 5.0) (Vrk (55 %), Vr i (5, X)), (4.36)
Aurvk(s,x) (axur,k(ss x), axur,k(sv x)) = Au,,k(s,x) (axur,k(ss x), axur,k(sy X)),
on x| <r —s and s < 7. Hence, since v, (s, x) € Ty, (s,x)M, and by definition, A, (s.x) €

Ny, (s,x)M, the L2-inner product on domain B, _ vanishes and, in result, the second integrals in
(4.34) and (4.35) are equal to zero.

Next, to deal with the integral containing terms ¥, we follow Lemma 4.7 and we invoke
Lemma 3.4, estimate (3.10), and Proposition 4.10 to get

(Vr k() Vi 1.(5) Btk (), Dt (VA ()) 1205, )
Sk 725,y + 1Y) Grter e (5), dxttrk GRG0

< N0k )+ CHCH (1 ok, + 10k )22 ) Wi,
S A+ A+ A IF,), 4.37)

for some C, > 0, and estimates (3.11)—(3.12) yields

(Vrk (), Yu 1 (5) Bt ic (), Bxttrk (D)) 205, )
+ (D Vrk (5), [V, () Brttr e (5), Dty (SHA()]) 125,
S0k 15+ 1Y 46 @it (), Bxtark DA 5

< Mok 15+ 1A, [ (1 10k O, )+ 10010k O, )
+C3 (1 1ok 1 )+ 100k 11 ) Nk
+C3, (llrk )17 + 18k ()17
1y \WErk L2 (g, o) T WO HnkS L2 (B, )

Sency, (LH16) A+ a3, DA+ 1hs)I%,). i=0.1.2. (4.38)
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By substituting the estimates (4.36) and (4.37) in the inequality (4.34) we get

t

1(1) S1(0) + / 10,5151 +1(5)) (1 + h(s) 13, ) ds. (439)
0

Now we define S; as the set of initial data whose norm under extension is bounded by j, more
precisely,

Sj :={(uo, vo) € Hioe : I€ll3, < j where & := (E7uo, E,'vo)}.
Then, for the initial data belonging to §;, the Gronwall Lemma on (4.39) yields
L+t AT) < Ky, t<T, jeN, (4.40)

where the constant K, ; also depends on || 120.7;H,,) and /; stands to show that (4.40) holds
under S; only.

Next to deal with the third integral in (4.35), denote by O its integrand, we recall the following
celebrated Gagliardo-Nirenberg inequalities, see e.g. [37],

W liogs) < W lias, ) + 21 2, oW l2@, ) ¥ € H (Bioy). (4.41)

Then by applying [15, Lemma 10.1] followed by the generalized Holder inequality and (4.41)
we infer

Jo, 1000 sl1Bcur k| vy k1 + 10z tr i 9xtar k17 k| 4 18V k1 0x1ty 47} dx

T lax ()13,

[O()| S Ljo,7)(5)

()l ()13,

S Lo, () "
U a3,

< Lo,z () (1 4+ 1(s)). (4.42)

So, by substituting (4.36), (4.37) and (4.42) in (4.35) we have

t

9 S 14490 + / 10,00 () (1 +1() (L + Na(s)113,) ds.
0

Consequently, by applying (4.40), we obtain on S,

t
gt AT) S 1+4;(0) +/[1 +1is ATOT (L + 1), ) ds
0

<Crjlhl2or:m,,  JEN,1€[0,T], (4.43)

for some C, ; > 0, where in the last step we have used that » > T and on set S; the quantity
q(0) is bounded by log(1 + j).
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To complete the proof let us fix ¢t < T. Then, by Proposition 4.10,

lar (T3, = 12rk (T3, _, =k Whenever 7 <1.

So for every k such that t; <t we have

log(1 4+ k%) < q(m) = q(t A ).

Thus by restricting to S; and using inequality (4.43), we obtain

log(1 +&%) < q,(t At) S Cr jlhll 20711, (4.44)

In this way, if klim T = tp for any 19 < T, then by taking k — oo in (4.44) we get
—00

Crj ||h||L2(O,T;Hu) > oo which is absurd. Since this holds for every j € N and #p < T, we in-
fer that t = T'. Hence, the proof of Proposition 4.12 is complete. O

The conclusion of the proof of the existence part of Theorem 4.1. Now we have all the ma-
chinery required to finish the proof of Theorem 4.1. Define

2
wy g (1) = ( Erattri®) ) :

E,]_[Ur,k(t)

and observe that w; x : [0, T) — H is continuous. If we set
(1) = lim w,x (1), t<T, (4.45)
k—o00

then by Lemma 4.11 and Proposition 4.12 it is straightforward to verify that, for every r < T, the
sequence {w,k(¢)}reN is Cauchy in H. But since H is complete, the limit in (4.45) converges
in H. Moreover, since by Proposition 4.12 z, (t) = z,, (t) for every k; > k and t < i, we
have that z,(¢) = w,x(¢) for t < 7. In particular, [0,7) > ¢t + z,(¢t) € H is continuous and
2r(t, x) =z, 1 (t,x) for |x| <r —tif t < 7p.

Hence, if we write z,(t) = (u,(t), v, (t)), then we have shown that u, satisfy the first con-
clusion of the Theorem B.1. In the remaining proof of the existence part we will show that the
zr, defined in (4.45), will satisfy all the remaining conclusions. Evaluation of (4.33) at # A 1
together applying the result from previous paragraph gives

AT INTE INATE

it AT = + / Gy (s)ds + / F, (s, 20 (s)) ds + / Gy (s 2 (s)h(s) ds,  (4.46)
0 0

0

and this equality holds in H!(R; R") x L?(R; R"). Restricting to the interval (—R, R), (4.46)
becomes

IATE IATE INATE

wrAT)=§+ / Gzr(s)ds + / F,(s,z,(s))ds + / G/ (s, 2 ())h(s) ds,
0

0 0
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under the action of natural projection from H'(R;R") x L?>(R;R") to H'((—R, R); R") x
L%((—R, R): R"). Here the integrals converge in H!((—R, R); R") x L2((=R, R); R™). Taking
the limit X — oo on both the sides, the dominated convergence theorem yields

t t

1
zr(t)=é+/er(S)dS+/Fr(s,zr(8))ds+fGr(s,zr(S))fl(S)ds, 1<T,
0

0 0

in H'((=R, R); R") x L2((—R, R); R™). In particular, by looking to each component separately
we have, forevery t < T,

t

ur(t) =ug+ / vr(s)ds, 4.47)
0

in HL((=R, R); R"), and

t

0, () = vo + / [Buxttr (5) & Auy () (0 (81, 0 (5)) — A (5) (it (5). Dyt (5))] s
0
t

+ / Va5 (01 (5). ity () (s) s, (4.48)
0

holds in L2((—R, R); R"). It is relevant to note that in the formula above, we have replaced
A by A which makes sense because due to Proposition 4.10 and Proposition 4.12, u,(t,x) =
uri(t,x) € M for |x| <r—tandt < T.Hence we are done with the proof of existence part. The
proof of the existence part of Theorem 4.1 is now complete. O

Proof of the uniqueness part of Theorem 4.1. For the uniqueness part let us fix R and T such
that R > T and amap U :[0,T) x (—R, R) - M which satisfies conditions (ii)—(v) and (i’)
mentioned in the statement of Theorem 4.1. We will show (4.5) with u : [0, T) x R —> M as
constructed in the existence part.

Since we seek solutions that take values in the Fréchet space HI%C(R; R") x HILC (R; R™), we
localize the problem using a sequence of non-linear wave equations. Before doing this let us
point out that the skeleton equation (4.6) can be equivalently written in the following form

t t

z(t) = 8§ + f St—sFrr(s,z(s))ds + f Si—s(Gr i (s, 2(s))h(5)) ds, (4.49)
0 0
where
z(t) = (u(t),ou(t))y e H, t €[0,T). (4.50)

Concerning the uniqueness, let us define a function Z : [0, T) — H
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_( EXU®)
Z(t)._<E11:§)tU(t)>, tel0,7)

and observe that it is a continuous function. Let us also define a stopping time o} by
o =nu Ainf{t <T : | Z(t)lly,_, =k},

and a function 8 :[0, T) — H as, fort € [0, T'),

t 1

B() = Stg+'/St7s]l[0,<7k)(5)Fr,k(s’Z(S))ds+/‘Stfs]l[0,ok)(5)Gr,k(SaZ(S))l’.l(s)ds-
0 0

In the same vein as in the existence part of the proof, as an application of the Chojnowska-
Michalik Theorem and projection operator, the restriction of 8 on H g, which we denote by b,
satisfies

t

t

0

by =&+ / Gbis)ds + / (AU@)(BZU(s), 8,U(s)) — Aus) (U (s), 0, U (5) ) ds
0 0

t

0
+/ <YU(S)(atU(s)7axU(S))/:l(s)> ds, t <oy,
0

where the integrals converge in H'((=R, R);R") x L>((—R, R); R™). Then since U(¢) and
d; U (t) have similar form, respectively to (4.47) and (4.48), by direct computation we deduce

that function p defined as
— _( U®
p() = (1) (a,U(t)) ,

satisfies
t
pt) = / Gp(s)ds, t <oy
0

Since the above implies that p satisfies the linear homogeneous wave equation with null initial
data, by [15, Remark 6.2],
pt,x)=0 for |x|<R-—tt=<oy. 4.51)
Next we set
q(0) = 1B(1) —ax(Dll3,_,»
and apply Proposition C.1, with k =1, T =r, L = I, to obtain

31



Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

tAO t

q(t ANoy) <2 / q(s)ds + / IFy 1 (s, Z(5)) — Frx(s, a ()13, ds
0 0
t Aok
+ / Gk (s, Z()(s) — Gpi(s, ax(s)h(s) |13, ds. (4.52)
0

But we know that r — ¢ > R — ¢, and by definition o} < t; which implies

Fox(t,2) =Fgi(t,2), Gy i(t,2) =Gpri(t,z) on (t—R,R—1),

whenever |z]|%, , < k. Consequently, the estimate (4.52) becomes

tAO tAO

q(t nog) =2 f q(s)ds + / ¥R i (s, Z(s)) — Frils, ax(s) 13,1 ds
0 0
IN\O}

+ / 1G Rk (5. Z())e(s) — G (s, ai () (s) 12, ds.
0

Invoking Lemmata 4.7 and 3.4 followed by (4.51) yields

IO}

atnon=Cr [ a1+ 1i6)IE,) ds
0

Therefore, we get ¢ =0 on [0, oy) by the Gronwall Lemma. Since in the limit k — oo, o} goes
to T as i, by taking k to infinity, by Proposition 4.10 we obtain that u, (¢, x) = U (¢, x) for each
t < T and |x| < R — t. The proof of the uniqueness part of Theorem 4.1 and hence the whole
proof is now complete. O

5. Large deviation principle

In this section we establish a large deviation principle (LDP) for system (1.2) via a weak
convergence approach developed in [21] and [22] which is based on variational representations
of infinite-dimensional Wiener processes.

First, let us recall the general criteria for LDP obtained in [21]. Let (£2, §, IP) be a probability
space with an increasing family F := {§;, t > 0} of the sub-o-fields of § satisfying the usual
conditions. Let Z(E) denote the Borel o-field of the Polish space E (i.e. complete separable
metric space). Since we are interested in the large deviations of continuous stochastic processes,
we follow [25] and consider the following definition of large deviations principle given in terms
of random variables.

Definition 5.1. The (E, (E))-valued random family {X¢},_ , defined on (€2, §, IP), is said to
satisfy a large deviation principle on E with the good rate function Z if the following conditions

hold:
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(1) Z is a good rate function: The function Z : E — [0, 0o] is such that for each M € [0, c0)
the level set {¢ € E : Z(¢p) < M} is a compact subset of E.
(2) Large deviation upper bound: For each closed subset F' of E

limsup elogP [X® € F| < — inf Z(u).

e—>0 ueF

(3) Large deviation lower bound: For each open subset G of E
liminf ¢log P [XE € G] > — inf Z(u),
e—0 ueG
where by convention the infimum over an empty set is 4-00.

Assume that K, H are separable Hilbert spaces such that the embedding K < H is Hilbert-
Schmidt. Let W := {W(#), t > 0} be a cylindrical Wiener process on K defined on (2, §,F, P).
Hence the paths of W take values in C([0, o0); H).

Let us, for the whole section, fix anumber T > 0. Note that the RKHS linked to W restricted to
the time interval [0, T'] is equal to o H L2, T; K). Let .7 be the class of K -valued [ -predictable
processes ¢ which trajectories belong to (H 1*2(0, T; K), P-almost surely. For M > 0, we set

T
Spmi=1he HY0,T; K):f||h(s)||%(ds§/\/l . (5.1
0

The set Sp¢ endowed with the weak topology from (H 120, T; K), is metrizable by the follow-
ing metric

| =

dy(h. k)=~

i=1

3

[\

T
/(iz<s> —k(s), ei)k ds
0

where {e;};cN is a complete orthonormal basis for L2(O, T; K), is a Polish space, see [22].
Define .#\1 as the set of bounded stochastic controls by

Imi={peS p(w)e S, P-as.}.

Note that Ups~0.7\¢ is a proper subset of .. Next, consider a family indexed by ¢ € (0, 1] of
Borel measurable maps

J%:,C(0,T]; H) — E.
We denote by u? the “image” measure on E of P by J¢, that is,
W =J5P), ie ut(A)=P ((16)*‘(/1)) . AeB(E).
We have the following result.
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Theorem 5.2 ([21, Theorem 4.4]). Suppose that there exists a measurable map JO: oCU0, T];
H) — E such that

BD1: if M > 0 and a family {h.} C Sy converges in law as Spq-valued random elements to
h € S\ as € — 0, then the random variables

1.
oCU0, T HYswr> J? w—l—ﬁ/‘hg(s)ds ek,
0

converges in law, as € \( 0, to the random variable Jo (fo h(s) ds),
BD2: for every M > 0, the set

JO /h(s)ds cheSamy,
0

is a compact subset of E.

Then the family of measures u° satisfies the large deviation principle (LDP) with the rate function
defined by

T .
1 [ . .
T(u) :=inf Ef||h(s)||%(ds:0H1'2(O,T;K) andu = J° [h(s)ds , (5.2)
0 0

with the convention inf{(}} = +o0.
5.1. Main result

It is important to note that in transferring the general theory argument from Theorem 5.2 in
our setting we require some information about the difference of solutions at two different times.
Hence we need to strengthen the assumptions on diffusion coefficient. In the remaining part of
this paper, we assume that

Y:M>p—Y(p)eTpyM,

is a smooth vector field on compact Riemannian manifold M, which can be considered as a
submanifold of R”, such that its extension, denote again by Y, on the ambient space R” is
smooth and satisfies

Y.4 there exists a compact set Ky C R” such that Y (p) =0if p ¢ Ky,
Y.5 forg € 0,Y(Y(q)) =T (q)Y(9),
Y.6 for some Cy >0

Y 2

Y (p)l =Cy(+1p), ‘a—p(p)

<Cy,

(p)

<Cy, and ‘

dpidp;

for pe Ky,i,j=1,...,n.
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Remark 5.3.

(1) Since Ky is compact, there exists a Cx such that |Y (p)| < Ck for p € R".
(2) For M = S? case, Y(p)=p x e, p e M, for some fixed vector e € R3 satisfies above as-
sumptions.

Since, due to the above assumptions, Y and its first order partial derivatives are Lipschitz, by
1-D Sobolev embedding we easily get the next result.

Lemma 5.4. For any R > O, there exists a constant Cy g > 0 such that the extension Y defined
above satisfies

D 1Y @llise < Crr(+ Ml g, J=01,2,

@) Y @) =YWz = Crrllu —vllp2(gg)

B) 1YW =YWl gipg < Cr.rllu —vllgigey (14 Tl gise + 101 #15,)) -

Let (StW ’0) be the P-augmented filtration generated by the Wiener process W. Now we state
the main result of this section for the following small noise Cauchy problem

{attus = axxu"3 + Aye (atusa atug) — Aye (8)6“8» axug) + \/EY(MS)W» 5.3)

((0), 3,u® (0)) = (uo, vo) ,

with the hypothesis that (u, vg) is Fo-measurable Hl%)c X Hl%)c (R, T M)-valued random variable,

such that ug(x, w) € M and vo(x, ®) € Tyy(x,0)M hold for every w € Q and x € R. Since the
small noise problem (5.3), with initial data (ug, vo) € 7oc(R; M), is a particular case of Theo-
rem B.1, for given ¢ > 0 and T > 0, there exists a unique global strong (SIW ’O)-adapted solution
to (5.3), which we denote by z° := (u®, 9,;u®), with values in the Polish space

Xp = (10,71 HAR: RM ) x € (10, T Hiy (R R").
=C([0,T]; Hioc) s (5.4)
where Hjoc has been defined in (2.5), and satisfy the properties mentioned in Appendix B.

Below, let H,, be embedded in a separable Hilbert space E via a Hilbert-Schmidt inclusion
i: H, < E as in Example 3.2, define a filtration

G =o0(ms:5 <t), tel0,T]

on (C([0, T]; E) where 7y(f) = f(s), denote by tv the Wiener measure with the covariance
operator ii* on 4C([0, T']; E) and denote by B the identity mapping on ,C([0, T']; E).

Lemma 5.5. Let (ug, vg) € ,c(R; M). Then there exists a Borel measurable mapping J¢ =
(U®,ve)

J%:C(0, T1; E) — X, (5.5)
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such that

(a) U*(t, x), VE(t, x) are G° -adapted for every (t,x) € [0, T] x R,
(b) Us(t,x):,C([0,T]; E) — M forevery (t,x) € [0, T] x R,
(c) t+— Us(t) € H' (R;R") is continuously differentiable and

loc

dU% (1)

=V&t), tel0,T],
7 () €[0,T]

(d) (U*(0), V*(0)) = (uo, vo),

(e) (U?,B) is a solution of (5.3) in the sense of Theorem B.1 for the probability measure 1o,

@ if W is an E-valued Wiener process with covariance operator it* on some stochastic basis
then (Ug(W), W) is a solution of (5.3) in the sense of Theorem B. 1.

Proof of Lemma 5.5. For ¢ € [0, T'], define a stopping operator
Li:gCUO0, T, E) » (C(O0, TLE): f = f(- A1)

and observe that G; = o(L;) and S,W = o (L;(W)). The Doob-Dynkin Lemma yields the ex-
istence of a Borel measurable mapping J¢ such that z° = J¢(W) a.s., and since z° is (S,W ’O)-
adapted, the same lemma yields the existence of a Borel measurable map

l,:oC([0,T]; E) — H2.(R;R") x H. (R;R")

such that z°(¢t) = [;(L;(W)) as. Hence w(Jf =1, o L;) =1 and we conclude that J? is
G®-measurable for every ¢ € [0, T]. In particular, we have proved (a). Since U®(t, x)(W) =
uf(t,x) € M a.s. forevery (¢, x) € [0, T] x R by definition, we get that, w-a.s., U*(¢, x) € M for
every (¢,x) € [0, T] x R since paths of U? are jointly continuous. Thus (b) holds tv-a.s. Next,

t

uf(t, x) =up(x) + / o uf (s, x)ds
0

holds a.s. for every (¢, x) € [0, T] x R so, as in the previous step, tv-a.s.,

t
Ue(t,x) =uo(x) + / VE(s,x)ds
0

holds for every (¢, x) € [0, T] x R since paths of U¢ and V¢ are jointly continuous. In particular,
(c) holds tv-a.s. Moreover, it is obvious that (d) holds tv-a.s. To deal with the to-exceptional set,
denote by y the smooth geodesic flow on R x T M and redefine, on this exceptional set,

JE(t, x) = (y (t, uo(x), vo(x)), ¥ (£, uo(x), vo(x)))

which satisfies (b), (c) and (d) as well. Finally, if we define (&°, v°) = (U2 (W), VE(W)) then the
finite-dimensional distributions of the processes
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(Va, aXXUSv AU‘E(BXUS? ang)v AUS(Vgﬂ Va)’ Y(Ug)v B)
(aluga 8}CXM87 AM‘S (8)61'{87 axus)’ AME (al‘ug’ atug)v Y(ME), W)
(0%, Buxii®, Age (Byii®, 3yii®), Age (0%, 0°), Y @), W)

coincide in every in L2((—R, R; R™)). Hence we obtain (e) and (f) e.g. by [50, Theorem 8.3 and
Theorem 8.6]. Let us just point out that the measurability and qualitative properties of #® and
8 = % are guaranteed by (a)-(d). O

Recall from Section 3 that the random perturbation W we consider is a cylindrical Wiener
process on H,, and there exists a separable Hilbert space E such that the embedding of H, in
E is Hilbert-Schmidt. Hence we can apply the general theory from previous section with the
notations defined by taking H,, instead of K.

Let us define a Borel map

J%:,C(0,TT; E) — Xr. (5.6)

Note that it is well-defined due to Lemma 5.5. If & € (C([0, T]; E) \ (H"*(0, T, H,,), then we

set Jo(h) =0.Ifh e OHI’Z(O, T, H,) then by Theorem 4.1 there exists a function in X7, say z,
that solves

(5.7)

Ot = Oyt + Ay (Oru, Oput) — Ay (Oxu, dxu) + Y (u) I:la
u(0, ) =uo, 8u(0, -) = vo,

uniquely and we set JO(h) = zj,.

Remark 5.6. At some places in the paper we denote J(h) by J° ( fo h(s) ds) to make it clear
that the considered differential equation is controlled by / not by A.

The main result of this section is as follows.

Theorem 5.7. The family of laws { £ (z°) : € € (0, 11} on X7, where z° := (u®, 0,u®) is the unique
solution to (5.3), satisfies the large deviation principle with rate function T defined in (5.2).

Remark 5.8. It is relevant to note that we believe that it is possible to establish the well-posedness
result and the LDP for problem (5.3) in a suitable weighted Sobolev spaces but we have decided
to use local Sobolev spaces for our analysis because the wave equation structure allows localiza-
tion. We have adopted the approach of local Sobolev spaces because it has been used in all the
previous papers on the stochastic geometric wave equations, see [15,17-19].

Note that, in light of Theorem 5.2, in order to prove the Theorem 5.7 it is sufficient to show
the following two statements.

Statement 1: For each M > 0, the set K := {JO(h) : h € Spq} is a compact subset of
Xr, where Spq C oH 1’2(0, T, H,,) is the centered closed ball of radius M endowed with the
weak topology.
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Statement 2: Assume that M > 0, that {e,},cN is an (0, 1]-valued sequence convergent to
0, that {h,},eN C -Pp converges in law to h € %5 as € — 0. Then, the processes

1
NG

oCUO, T E)sW() > J" | W()+ /I%,,(s) ds | € &, (5.8)
0

converge in law on X7 to JO (fyA(s)ds).

Remark 5.9. By combining the proofs of Theorem B.1 and Theorem 4.1 we infer that the map
(5.8) is well-defined and J*» (W(-) + J% fo hin (5) ds) solves the following stochastic control
Cauchy problem

Brett® = By ™ + Ayen (Du™, Ju™) — Ayen (dpu™, dyu™) + Y )y
+ Ve Y W)W, (5.9)
(" (0), 3;u" (0)) = (uo, vo)

for the initial data (uq, vo) € Hl%)c X thc

R; TM).

Remark 5.10. It is clear by now that verification of the LDP reduces to proving two conver-
gence results, see [13,12,20,25,63]. As it was shown first in [9], the second convergence result
follows from the first one via the Jakubowski version of the Skorokhod representation theorem.
Therefore, establishing LDP reduces, de facto, to proving one convergence result for determin-
istic controlled problem called also the skeleton equation. This convergence result is specific to
the stochastic PDE in question and requires techniques related to the considered equation. Thus,
for instance, the proof in [9, Lemma 6.3] for the stochastic Landau-Lifshitz-Gilbert equation,
is different from the proof, for stochastic Navier-Stokes equation, of [25, Proposition 3.5]. On
technical level, the proof of corresponding result, i.e. Statement 1, is the main contribution of
our work.

5.2. Proof of Statement 1

Let us fix M > 0 and consider a sequence of controls {,},cN C Saq. Let 7, = (up, vy) :=
JO(h,), for n € N, be a solution to problem (5.7), corresponding to control 4,. Since Sy, is
the closed unit ball in the Hilbert space (H 1’2(0, T, H,), by the Banach-Alaoglu Theorem [59,
Theorem 3.15] or [5, Theorem 3.16], S is weakly compact. Consequently there exists a subse-
quence of {h,},cN, we still denote this by {/,},cN, Which converges weakly to a limit &z € Sp4.
Hence in order to complete the proof of Statement 1 we only need to show that the subsequence
{zn}nen converges to zj = (up, v,) Which, by definition, is the unique solution to the Cauchy
problem of the skeleton equation (5.7) with the control 4.

Before delving into the proof of this claim we establish the following a priori estimate which
is a preliminary step required to prove, Proposition 5.16, the main result of this section. Let us
recall that 7 > O is fixed for the whole section and M > 0 is chosen and fixed in this subsection.

Lemma 5.11. If x € R, then there exists a constant B > 0, which depends on || (uo, vo) | (B(x,T))
M and T, such that
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sup sup e(t, T;x,z,(1)) <B, (5.10)
heSrref0, 1]

where zj, is the unique global strong solution to problem (5.7) and

1 2 1 2 2 2
e(l, Ta X, Z) - = E ||Z||HB(X‘T—[) = 5 [”u”LZ(B(x,T—Z)) + ”8)(””[‘2(3()(’7‘_[)) + ”v”LZ(B(X,T—t))
el 2 pr 7oy + ||axv||iz(B(X,T_t))} 2= (V) € Hige.

Moreover, if we restrict x on an interval [—a, a] C R, then the constant B .= B(M, T, a), which
also depends on ‘a’ now, can be chosen such that

sup sup sup e(r,T;x,zp(1)) <B.
x€l—a,alheSpm te[O,%]

Proof of Lemma 5.11. Let us choose and fix x € R. First note that the last part follows from
the first one because by assumptions, (1o, vo) € Hioc, in particular, || (uo, Vo) 1% (—a—T.a+T) < OO
and therefore,

sup  |[(uo, vo) 1B, 7)) = 10, VO) 1 H(—a—T,a+T) < 0.
x€[—a,a]

The procedure to prove (5.10) is based on the proof of Proposition 4.12. Let us fix & in Sxq and
denote the corresponding solution zj, := (uy, v,) which exists due to Theorem 4.1.
Since x is fixed, we will avoid writing it explicitly in the norm. Define

1
l(t’ Ta x) = Ell(uh(t)ﬂ vh(t)||2H](BTft)XLZ(BTff)’ e [07 T]

To shorten the notation we will write /(¢) in place of I(¢, T'; x). Thus, invoking Proposition C.1,
with k =0 and L = I, implies, for ¢ € [0, T],

t t

I(1) 51(0)+/(uh(r),vh(S)>L2(BT,J)dS+f(vh(S),fh(S)>L2(BT,s)dS
0 0
t

+ / (U (s), Y (i ($)A(5)) 12, ds, (5.11)
0

where

fu@) = Au;l(r)(vh(r), vp(r) — Auh(r)(axuh(r)v Oxup(r).
Since v (r) € Ty,(yM and by definition Ay, (-, ) € Ny, )M, the second integral in (5.11)
vanishes. Because uy (r) € M, invoking the Cauchy-Schwartz inequality, Lemmata 3.4 and 5.4

implies
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c2c2 ' .
1(t) <1(0) + (% + 2) /(1 +1) A+ A1) ds.
0

Consequently, by applying the Gronwall Lemma and using & € Spq we get
1O Scy.er THIOD [T+ 1l g gy | £ T+ MYA+10)), (5.12)

Next we define
._ 2
q() =log(1 +|za (D113, ).

Then Proposition C.1, with k = 1 and L(x) = log(1 + x), gives, for ¢ € [0, %],
Izr ()13,

t
1 <q(0 +/—
q(t) < q(0) L+ ()13,

0
1

/(vh(s),ﬁz(s»gz(m_s) s / <axvh(s>,ax[fh<s11>Lz<BT_x> o
ENTASTE ENEACTEN

t

¢ (o (s), Y (n())h()) 120, (05 v (), 0x[Y up (SN 128,
/ 3 ds —i—/ 3 ds.
L+ )3, L+ llzn ()13,

0

Since by perpendicularity the second integral in above vanishes, by doing the calculation based
on (4.38) and (4.42) we deduce

t

q() Sr1+4(0) +/
0

2
L+ lza ()l

t

(A +1() (L + llzn®) 5, )@+ 1A,
~|—/ 5 ds
L llze )3,

0

t
=1 +q(0)+/(1 + ()1 + IIH(S)II%IH)ds,
0

which further implies, due to (5.12) and i € Sy,
q(1) S14q0) + (T + M)>(1 +1(0)).

In terms of zj, that is, for each x € R and ¢ € [0, %],

len®1B,,. ., Sexp[ o w0y, (T +M?].
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Since above holds for every ¢ € [0, %], h € Saq, by taking supremum on ¢ and & we get (5.10),
and hence the proof of Lemma 5.11. O

Remark 5.12. Since B(x, Z) C B(x,T —1t) forevery t € [0, %], Lemma 5.11 implies also that
for R = %,

1
Sup  sup  sup 5{||uh(r)||§,z(3(xR))+||vh<t>||§,l(3(m)}sB(M,T,a).
x€[—a,alheSpm IE[O,%] ’ ’

Recall that, in the current subsection 5.2, we have the sequence {h,},eN Which converges
weakly to a limit 4 € Spq. Now we prove the main result of this subsection which will allow to
complete the proof of Statement 1.

Proposition 5.13. Let z, = (uy,, v,) := JO(hy), for n € N, be a solution to problem (5.7), cor-
responding to control h, and similarly let zj, = (up, vp) := JO(h). Then the sequence {Zn}neN
converges to zj, in the space Xr.

In particular, the map

Spmeh J%h) e Xy,
is Borel measurable.

Proof of Proposition 5.13. Let us first note that the second part of the Proposition follows from
first one because continuous maps are Borel measurable.

Towards proving the first conclusion let us consider the objects as in the assumptions of Propo-
sition 5.13. In particular, z, = (uj, vy) and z, = (u,, v,), are the unique global strong solutions,
respectively, to

Oty = Oyt + Auh (0rup, Orup) — Auh (Oxttp, Oxup) + Y(uh)/:l, (5.13)
(un(0), v (0)) = (0, v), ~ where v,h = d;up, '
and
:atlun = Oyxlty + Aun (0rutp, Opltyy) — Au,, (Oxun, Oxltn) + Y(un)]:ln, (5.14)
(un(0), v, (0)) = (o, v0).  where v, := dyuy. '

Hence 3, := (u,, v,) =z — 2z, is the unique global strong solution to, with null initial data,

Ot Uy = Oxxlly — Auh (Oxup, Oxup) + Au,, (Oxupn, Oxltn) + Au;, (0rup, Orup)
— Auy Byt Oyutn) + Y (up)h — Y )y, (5.15)
where v, := d;u,,. This implies that
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t

t
0 0
5,,(t)=/S,_S (fn(S)) ds—}—/S,_s <gn(S)) ds, tel0,T].
0

0

Here
Ju(s) = _Auh(s)(axuh(s)s Oyup(s)) + Aun(s)(axun (5), Oxun(s)) + Auh(s)(atuh (5), Orup(s))
— Ay, (s)(Orun(s), dun(s)),

and

8 (8) 1= Y (up()h(s) — Y (n () (s).

We aim to show that

3 ——0 in C ([o, T1, H2,(R; ]Ri”)) % C ([0, T1. H. (R; R")) ,

n—oo

that is, for every R > 0 and x € R,

sup [nun(t)n";,z(w &y F 10O 5 R))] — 0asn — oo. (5.16)
t€l0,T] ’ ’

Without loss of generality we assume x = 0. Since a compact set in R can be covered by a
finite number of any given closed interval of non-zero length, it is sufficient to prove above for a
fixed R > 0 whose value we set to 7.

Let ¢ be a bump function which takes value 1 on Bg and vanishes outside Bor. Define

up(t,x) :=u,(t,x)p(x) and up(t,x) :=up(t, x)p(x),
SO
U, (1, X) = @(x)v, (7, X), vp(t, x) =@(x)vp(t, x),
and with notation u,, :=u, — uy,

ety — Ayxlly = [ Au, Byttn, dyttn) — Au, (xttn, dxttn) — Auy, (dyun, dyup)
+ Ay, Bt Oxttn) | @ — (ttn — up)dxx@ — 2ty — dxun)dx@ + [Y wn)hn — Y (un)h] @
= f_n + gn.
Here
Fn(8) = [Au () @rttn (), Buun (8)) = Auyy(s) Oxttn (5), Dxttn (5)) — Auy(s) st (), By (s))
F Ay () @t (), Bxttn ()] @ — (n () — un () xx — 2(xttn (5) — Dt (5))dx 9,

and
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8n(8) = [Y ua())hn(s) = Y wn(s)h(s)] @, s €[0,T].

Next, by direct computation we can find constants C, Cw > 0, depend on ¢, ¢’, ¢”, such that,
forallr € [0,T]and n € N,

182 152 gy T 18O 151 g gy < Colln W2 g gy + 10O g 5]

< Co[lEn N2 g gy T 12O g g))- 517

Hence, in order to prove assertion (5.16) it is enough to prove the following

sup 1802 g gy + 180 O 121 g gy ] = O 1= 0. (5.18)
tel0,T] J

Using the time dependent balls in the space R, what is more natural in the context of the wave
equations, we observe that claim (5.18) is a consequence of the following one.

= 2 = 2
up (180 OB 5,y + 18011, | > 025 n— 00, (5.19)

where 7 :=4T . Indeed, because for every ¢ € [0, R], T —t > 2R and consequently, we have

= 2 - 2 = 2 = 2
”u”(t)”Hz(BR) + ”Un(t)”HI(BR) S ||un([)||H2(B2R) + ”n"(t)”Hl(BZR)

< sup [l O, ) + 18015, ]

So we conclude that in order to prove Proposition 5.13 it is enough to show (5.19).

Proof of claim (5.19). Let us set (¢, z) := %||z||%{7__t, for z = (u,v) € Hioc and ¢t € [0, R].
Invoking Proposition C.1, with null diffusion part and k = 1, L = I, x = 0, gives, for every
t €10, R],

t

1,50 (1)) < / V(30 (r) dr. (5.20)

0

where 3, (t) = (1,(¢), v,,(z)) and

V (2, 30(1) = (80 (1), 52 (D) 125,y + B2 (D), () 128, )
(B0, (1), 0 (D) 25y + (00, 8 (D) 1281,
+ (000 (1), 0x8n (1)) 2B,
=:Vp(t,50(1)) + Vg (2, 30(1)).

We estimate V¢ (¢, 3,(¢)) and V,(z,3,(t)) separately as follows. Since 7 — t > 2R, for every
t € [0, R] and ¢(y), ¢’'(y) =0 for y ¢ Byg, we have
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t t
/Vf(r,é(r))dr=/[/ {eua(r, M ()0a(r, ¥) + @0 (r, ¥) fur, y)

0 0 B

+¢' ()0, (r, )0 fu(r, ¥) + @ ()00, (r, )0y fu(r, ) } dy} dr
t t

Sew / 1 5n () dr + [ a2 7
0

0
and

t t

/ V(r.30)) dr = / (800). 80N 1207,y DB Ben () 25y, )
0 0

t

= / ((Bn(”)7 én(r)>L2(32R) + (0x 0, (r), 3x§n(”)>L2(32R)) dr.
0

Let us estimate the terms involving f, first. Since u,, uj, takes values on manifold M, by us-
ing the properties of ¢ and invoking interpolation inequality (4.13), as pursued in Lemma 4.7,
followed by Lemma 5.11 we deduce that

1 £ 2, ) S0 1A un) (), 02 (7)) = Ay ) Wa (), Vn (WD 72,
1 Ay () W (), 0 () = Auyry @ (), 0D 32 5,
+ 1Ay @n (), 0B () = Ay @ (), VR D2
+ 11 Ay () @t (), Bt (7)) = Auy ) Bt (1), Bt P72,
+ 1 Auy () @it (), Bt (7)) = Auy ) @t (), Bt W) 172,
+ 1 Auy () Oxttn (r), Oxun(r)) — Ay, ) (Oxun (r), 3xuh(r))||iz(3m)
F llun (r) = un (D325, ) F 20100 (1) = st () 1725,
SeaBak N () = un7a 5, 1007008,
100 ) = O 2,0y (100 OV g+ 1080 1))
H llun (1) = un (D725, o 1050 (7003,
F l10xun(r) = dxun(72 5, (||axun<r)||ioo(3m + ||axuh(r)||im(3m))
F llun (r) = un (D25, ) F 2M0xtn (1) = Dt (1725,
SeaBaRke B 1305y S10 30 (). (5.21)
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Similarly by using the interpolation inequality (4.13) and Lemma 5.11, based on the computation
of (4.15), we get

19 fu 32 ) SLasBa R KB 130 (),

where the constant of inequality is independent of n but depends on the properties of ¢ and its
first two derivatives, consequently, we have, for some C P> 0,

t

1

J 150y dr €5 [103000dr. veero. 1 (522)
0 0

Now we move to the crucial estimate of integral involving g,. It is the part where we follow the

idea of [25, Proposition 3.4] and [30, Proposition 4.4]. Let m be a natural number, whose value
will be set later. Define the following partition of [0, R],

1-R 2-R 2" . R
O» om B om s T om

and set

(k+1)-R
— a

rm - om

k+1)-R
nd tg41 :=%if}"e

om 2m

[k-R (k+1)-R)

Now observe that, for every t € [0, R],

t

/(6,1(}’), é_’n(r))Hl(BzR) dr
0
t

- / B (). 9V n (7)) — ¥ @n ()i () 1 3y
0
t

+ / (0 (r) = Bp(rm), @Y (wn (1)) (i (r) — (1)) g1 (B, AT
0
t

+ / (0 (rm), @Y i (r)) = Y unrm))) (i (r) — B () g1 (g ) A7
0
t

+ / (©On(rm), @Y W (ri)) (i (r) = h(1))) 11 () AT
0
=G+ Gy () + Gy () + G (1). (5.23)

For G|, Lemmata 3.4, 5.4 and 5.11 followed by (5.17) imply
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G (1)) <, / 162121, A7 + / 1Y Gun () = Y @) g1 g, o Vin )1y, dr

<k / 15 s .

2 2 2 2 2
+ / litn () = V3 gy (1 10 Oy + N1 ) W)y,
0

So [ 410500 (14 Va1, ) dre Ve €10.R) (5.24)

To estirpate G5 (1) we invoke (h, k) g1 (gyey < Il L2(yp) 1Kl 221y fOllowed by the Holder
inequality and Lemmata 3.4, 5.4, and 5.15 to get, for every ¢ € [0, R],

G2 ()] Sk / 100 () = 0 )l 2o 1Y @D 723y e ) = (P37,

1

2

t
SR f 104 (r) = 02 i) 1725, 4T

t 2
x / [+ 18 Oy Wi () = R, ar
0
1
t 2
SV [ir=raar | sw (141001, )]
o ref0, 7]
R /M R /M
S swp (140020 = 205 1+ B,

~  om/2 om/2

ref0, 7]

where in the last and the second last step we have used, respectively, Lemma 5.11 for T instead
of T and

t

R
/|r—rm|dr < /|r—rm|dr Z/

0 0 kltkl

= Sup

Moreover, in the third last step we have also applied the following: since R =T and hy — h
weakly in L%, T; H,), the sequence h, — h is bounded in LZ(O, T; Hy,)i.e.3dM,, > 0 such that
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T
/ hn (r) — i'z(r)||%_lu dr <M,, foralln. (5.25)
0

Before moving to Gg’m (1) note that, since 2R = 77', due to Remark 5.12, for every s, t € [0, 77—]

>

t
() — (1 ey < / Von () L s dr < Bl — s1.
S

Consequently, by the Holder inequality followed by Lemmata 3.4, 5.15, and 5.4 we obtain

: 5
|Gg’m(t)| ,S(p / I:”vn(rm)”i['(BZR) + ”vh(rm)“ill(gy\,)] d}"
0
1
2

t
X / 1Y un(r) = Y @nrm) 31 g, Mon (7) = RV, dr
0

t
<18 / () = ) s ey [ 1+ 1800 O ey + 1008 ) 15,00
0

X () = b1, dr)*

t
o | [ 1=l lhn(r) )13, dr
0

om Tk 2

r— R ) =1 dr
om | T Ay

1

My

t
<\ | [ Vim0 =i ar | < \[RTE retoRl (5.26)
0

n,m

Finally we start estimating G, (#) by noting that for every ¢ € [0, R],

kk—1)-R k;-R
there exists k; <2™ suchthat t¢€ |:(t ) ! )

2m Toom
Note that on such interval r,,, = kﬁf,k. Then by Lemma 5.11 we have

47



Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

k—1 %
k-R .
> {5 (5) o (w(5)) urion), o
2 H (Bag)
t
+ / <5n <M>,¢Y<uh <M)) (fln(r)—h(r))> dr
2 2" H(B2g)

Ty —1

(5 (n(50) fn-iins) |

H'(Bag)

<6n ((k_z#)w( (““2#)) / (1) - h(r))dr> ‘

H(Byr)

Gy (] <

m

=2

=1

+ sup sup

1<k<2m <t =<tr—1

om o
_ (k-R k-R . .
<> |o (2—,,,) N (24 (uh (2—m)) /(hn(r)—h(r»dr
k=1 H'(B2R) e H'(Bag)
i ((k— 1)~R>
+ sup sup (V| ———
1<k<2m tr<t<tp_i 2m H'(Bag)
(k—1)-R
oY lup | —— (h (r)— h(r))dr
2m H'(Bag)
179
k-R . .
Y\un\ —— (hn(r) —h(r))dr
2 H' (Bag)
k-1
k—1)-R ;
+ sup  sup 'Y (uh (%)) f (hn(r) — h(r))dr
I <k<2m t<i<i_ 2 H'(Bag)
Tk—1
=Gy Gy, (5.27)

where the right hand side does not depend on 7. By invoking Lemmata 3.4, 5.4, the Holder

inequality, Lemma 5.11 and (5.25) we estimate G, 2 as

k—1)-R

r [ ()
(k—1)-R
w ()

48

2
G, <Sg sup sup
I<k<2Mm tx<t=<tg—\

t
/ 0 (r) — h() | 1, dr

H'(Bag)
(5.28)

t
1 } f I (r) — h() 1, dr
H' B ]\ 7

1<k<2mt <t<tp—|

< sup sup |:1+
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1

1 I 3

Ry ) ; 2 M,

531<s]:1<pzm <2—m> /”hn(r)_h(l’)”HH dr] < Rz_m'
o tk—1

For Gﬁ’m’l recall that, by Lemma 3.4, for every ¢ € H!(B(x, r)) the multiplication operator
Y(¢): K2k Y(p)-ke H (B(x,r)),

is y-radonifying and hence compact. Hence by Lemma 5.14 we infer that for every «,

Ik

k-R . .
HY <uh (2—m>> /(hn(r) —h(r))dr

fr—1

—0asn— 0. (5.29)
H!(Bag)

Hence each term of the sum in GZ’m’l converges to 0 as n — oo. Consequently, by substituting

the computation between (5.24) and (5.27) into (5.23) we obtain

t

t
[ 60028y S [ 103000 (14 U, ) dr
0

0
[m, & k-R\\ [
w . .
+ Rz—m‘i‘kg_l Y(Mh (2—m>> /(l’ln(}’)—h(}’))d}’
- Tk—1

H'(Bag)
Therefore, with (5.22) and (5.17), from (5.20) we have
i M
(t.30(0) S / A+ 103000 (14 Wi (P, ) dr +[RE
0
om 173
k-R . .
+ ) [ Y (un S Gn() =h()dr| . 1€[0,R],
k=1 to H'(Bar)

and by the Gronwall Lemma, with the observation that all the terms in right hand side except the
first are independent of ¢, and h, € Sp4 further we get

M, < k-R\\ [
sup 1(t,5,(1) S’ MY JRTE 4+ Y<uh<—)) /(Mr)—fz(r))dr
t€[0,R] am = 2m )
k—1

Hence, for given any o > 0 we can choose m such that

M,
R2—m <a, foreveryneN.

49
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Thus, for such chosen m, due to (5.29) by taking n — oo in (5.30) we conclude that, for every
a >0,

0 <limsup sup I(t,3,(¢)) <«. (5.31)

n—o0 tel0,R]

Therefore, due to (5.17) we conclude the proof of assertion (5.19). O
Hence, the Proposition 5.13 follows. O

Now we come back to the proof of Statement 1. The previous proposition shows that every
sequence in K p4 has a convergent subsequence. Hence Ky is sequentially relatively compact
subset of Xr. Let {z,},eN C K¢ which converges to z € X7. But Proposition 5.13 shows that
there exists a subsequence {u,, }yeN Which converges to some element z;, of K x4 in the strong
topology of Xr. Hence z =z, and K 4 is a closed subset of X7. This completes the proof of
Statement 1.

Below we state a basic result that we have used in the proof of Proposition 5.13. A statement
of this type can be found in [25], see the proof of Proposition 3.4.

Lemma 5.14. Let X, Y be separable Hilbert spaces and let C : X — Y be a compact operator.
Then the operator K : LZ(O, T;X)— C(0,T];Y) defined as

t

Kg(t) = C/g(S)ds,

0

where the integral fé g(s)ds is meant in the Bochner sense, is compact. In particular, if gn — g
weakly in L*>(0, T'; X) then K g, converges to K g strongly in C([0, T]; Y).

Proof of Lemma 5.14. Clearly the operator K is bounded. Let B L2x stand for the centered unit

ball in L2(O, T; X). In order to prove compactness of K, in view of the Arzela-Ascoli Theorem,
see [62, Lemma 1] (and, for a very general formulation, [33, Theorem 8.2.10]), we only need to
show that the following two conditions hold.

(1) for every fixed ¢ € [0, T'] the set

{Kg(t) 1 g€ BLzTX} CY isrelatively compact in Y;
(2) the set of function
[Ke:geB ) ccqo. iy

is uniformly equi-continuous.
To prove (1) we note first that for ¢ € [0, T] fixed

t
/g(s)ds Sﬁ,geBLzTX.
0 X
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Since C : X — Y is compact, the set

t

C/g(s)ds:geBLzTX ,
0

being an image of a bounded set in X, is relatively compact in Y.
To prove (2) it is enough to note that for any g € BLZTX ands,t €[0,T]

t
|Kg(t) — Kg(s)| < [IC| f lg)ldr < CllVIt —s].

Thus the proof of Lemma 5.14 is complete. O

The following Lemma is about the Lipschitz property of the difference of solutions that we
have used in proving Proposition 5.13.

Lemma 5.15. Let R > 0, [ = [—a, a] and hy,, h € S)q. There exists a positive constant C =
C(R, B, M, a) such that for t, s € [0, R] the following holds

1
Sup [[04 (1) — 0 ()l 282281 < C It = 512, (5.32)

xel

where v, is defined just after (5.14).

Proof of Lemma 5.15. Due to triangle inequality it is sufficient to show

1
sup [[vp (1) — vl 2B 2r)) S ClE =512, 1,5 €[0, R].
xel

From the proof of existence part in Theorem 4.1 we have, for ¢, s € [0, R],

t
lvn (@) — v ()l 2B 2R)) = / l10xxtn (M L2(B(x,2R)) AT
N

t

+/[||fh(r)||L2B(x,2R))+ Ign (Ml 2B x2r)y] drs (5.33)

N

where

Ji(r) = Auy iy Wi (1), V(1) = Ay ) B n (), Dyup(r)), and g (r) ==Y (up(r))h(r).
But, since & € S, the Holder inequality followed by Lemmata 3.4 and 5.4 yield
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L
t 2

t
1 .
sup / 1gn (N L2 (Bx2ry dr < 1t — 5|2 f SUp 1Y @ (M) 172 e 1Ry, dr
xel xel
N N
Sksmlt—sl?,  for 1,5€0,R],

where we also applied 5.11 with 2R instead of T and, based on (5.21), we also have

D=

t

t
1
Sup/ ”fh(r)”Lz(B(x,ZR)) dr =< |t - S|2 /Sul;) ||Au/,(r)(Uh(r)» vh(r))”iz(B(x,ZR)) dr
xe
)

xel
)

t !
1
i = | 5001y Gt 01,8001 ) e
xel ’
N
p 3

1
S |t - S|2 /Sup ||”h(r)”i2(3(x 2R)){”vh(s)”12(3(x 2R)) + ”8th(‘9)”;“2(3@ ZR))}dS
xel ’ ’ ’
N

<|t—s|B> for t,s€l0,R]
Finally, by the Holder inequality and Lemma 5.11, we obtain, for ¢, s € [0, R],

1 1
t 2 t 2

t
sup / VBt ()12 50 2y dr < / Ldr / 5up 1 (") 12« 21y 47
xel xel !
S S
<VBlt —s].

Therefore, by collecting the estimates in (5.33) we get the required inequality (5.32) and we are
done with the proof of Lemma 5.15. O

5.3. Proof of Statement 2

Recall that M > 0 is given and a sequence {h,},cN C %A is also given which converges in
law to h € #p as &, — 0. It will be useful to introduce the following notation for the processes

Zy = Uy, Vn):‘lgn (W"f' h}’l)s Zn = (up, Un)zjo(hn)~

1
Vén
Let us fix any x € R. Then set N a natural number such that

N > |[(uo, vo) I (B(x, T)) -

For each n € N we define an §;-stopping time
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(@) ;= inf{r > 0: | Z, (1, o) laee.r—r) = NYAT, weQ. (5.34)

Recall that for z = (u, v) € Hjpe, WE set

1 2 2 LI
e(tv T7 X, Z) = E {”u”HZ(B(x,T—t)) + ”U”HI(B(X,T—Z))} = E”Z”/H(B(X,T—t))’ te [07 T]
In this framework we prove the following key result.

Proposition 5.16. Let us define 2, .= Z, — z,,. For 1, defined in (5.34) we have

lim sup E| sup etAT,,T;x,Z,(t A1) | =0.
=00 ye[—a,a] ref0, %

Proof of Proposition 5.16. Let us fix any n € N. To avoid complexity of notation we use an
abuse of notation and write all the norms without reference of the center of the ball x and we
will write e(z, z) in place of e(t, T; x, z) unless any conflict arises. First note that under our
notation Z, = (U,, V;,) and z,, = (u,, v,), respectively, are the unique global strong solutions to
the Cauchy problem

9 Up = 0xxUp + Ay, (9 Un, 8,Up) — Ay, (0 Up, 9:Up) + Y (Un)hy,

+ én Y(Un)Wa
(Un(0), 0;Up(0)) = (uo, vo),  where V,, :=0;U,,

and

{attun = OxxlUn + Aun (0rup, Oslty) — Au,, (Oxupn, Oxltn) + Y(un)l:lns
(1, (0), 0;u,(0)) = (ug, vo), where v, := 0;u,.

Hence Z,, solves uniquely the Cauchy problem, with null initial data,

Oty = Oxx Uy — AU,, (0xUp, 0xU,) + Au,, (Oxuty, Oxlty) + AU” (0;Up, 0,Uy)
- Au,, (0sttp, Oruupn) + Y(Un)l:ln - Y(un)hn + \/S_WY(UW)W’

where V, := 0;U,,. This is equivalent to say, for all ¢ € [0, %],
t t
Z(l‘)—/S < 0 >ds+fS ( 0 )dW(s) (5.35)
n - t—s fn (S) t—s on (S) . .
0 0

Here

Su(s) = _AUn(s) (0x Uy (s), 0 Uy (s)) + Au,l(s)(axun (8), Oxuy(s)) + AUn(s)(Vn(S)» Vi (s))
— Ay (5) W0 (9), 02(9)) + Y (Up () (5) = Y (14 (5)) 1 (5),
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and

8n(8) == /en Y (Un(s)).

Invoking Proposition C.1, with that by taking k = 1, L = I, implies for every t € [0, %] and
X €[—a,al,

t

t
o(t, T: x, (1)) < f V(r, Zu(r) dr + f V(). gu (YW () 125,
0 0
t

+ / BV (). el (VAW (P 125, ). (5.36)
0

with
Vi(r, Z2,(r)) = Un(r), Va (")) 128,y + Vn(0), fu () 128, + (0 Va (), 0x fa(r) 128,

1 — 1 &
+5 2 g (ejliag, )+ 5 D I0clgntIeilGas, )
j=1 j=1

for a given sequence {e;} ;N of orthonormal basis of H,.
Observe that, for any t € [0, T'], by the Cauchy-Schwartz inequality

tAT, TAT,

sup /V(r,Zn(r))dr§2 / e(r, Z2,(r))dr (5.37)

0<t<t
0

TAT,

1 2 2
5 [ (O s,y + 1800 P, sy y) 4
0

where g, (r)- denotes the multiplication operator in 2> (H,,, H Y(Br_,)), see Lemma 3.4.
Next, we define the process

t

V() = / V(P gn (AW (M) g1 5, - (5.38)
0

By taking [y £(r)dW (r) with
§r):Hy k> Vu(r), gn(r)(K)) (g, ) ER,
a Hilbert-Schmidt operator, note that
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t
Qt) == /S(V) o&(r)*dr,
0

is quadratic variation of R-valued martingale ). Thus

t t
Q) < / 1620, RNE | R, 1, dr = f 1€, 01, Ry 7
0 0

(5.39)
1 t 00 T
=/Z|s<r)(ej)|2dr=fZ|<vn(r),gn<r><e,»>>H1(BT,,>|2dr, rel0. 21
0 /=1 o /=1
On the other hand by the Cauchy-Schwartz inequality
2 2 2
DIV @ e 18y 2 = VRO, 180T - Py iy
j=1
Therefore,
1
IO RVAGIH : dr. tefo, - (5.40)
( = ” nr ||H1(BT,,)”g"(r) : ||“%(HP«9H1(BT*}')) r, € [ ) 5] .
0

Invoking the Davis inequality with (5.40) followed by the Young inequality gives

0<t<t

JE[ sup V(1 Arm} <3E[VQE AT

TAT, 5
<3E| sup IVt ATl lgn () - I3 dr
0<t<tAT, " "I Br ) ; " £ (Hy, H (Br—y))

B TAT,
<3E|e sup V@I e / lgn(r) - 1% dr
B Ost<tng o HUBr0 T 4e 0 ! ZL5(Hy. H' (Br—r))

TAT,

3 2
<6e E |: sup e(t, Zn(t))] + EE / llgn(r) - ”sz(Hu,Hl(BT—r)) dr|. (541)
0

0<t<tAT,

By choosing ¢ such that 6¢ = % and taking sup, -, followed by expectation E on the both sides
of (5.36) after evaluating it at T A 7, we obtain
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0<s<tAT, 0<s<t 0<s<t

IE|: sup e(s,Zn(s)):| <E| sup / V@, Z2,(r))dr +IE|:sup y(S/\rn):|.

Consequently, using (5.37) and (5.41) we infer that

AT, AT,
E|: sup e(S,Zn(S)):|§4]E /e(r,Zn(r))dr +E /l'fn(r)||%_11(3 )d"
0<s<IAT, r=r
0 0
AT,
2
+19E /||gn(r)~||B%(H#’H1(Brir))dr . (5.42)
0

Now since the Hilbert-Schmidt operator g, (r)- is defined as
Hy 3>k gu(r)-k e H' (Br_,),

Lemmata 3.4 and 5.4 give,

AT, AT,
sup E / len ™) Wty a1 47 | ST E / IVERY Un D5, dr
x€[—a,a) o o
AT,
<ClrenE /(1+||Z,,(r)||%_h_r> dr | <ren (1+N). (5.43)
0

Here we observe that the constant in inequality (5.43) does not depend on a due to Lemma 3.4.
To estimate the terms involving f;, we have

11y S 1AV @) @ Un (), 33 Un () = Auy ) Bxtan (). Bt W) 315,
+ 11Av, ) (Va (1), Ve (r)) — Au,¢r) (0 (1), vn (r))”?‘[l(BTfr)
+ 1Y UV ha () = ¥ n ) hn () 5,

= fi+ i+ 1 (5.44)
By doing the computation based on Lemmata 4.7 and 5.4 we obtain
o S1AU,@OcUn(r), 3:Un () = Auy ) 0xUn (), 3 Un (WD) 115,
F 1Au, ) Ox Un (r), 35Uy (r)) — Ay, ) (Oxttn (), 8x Uy (r))”iIl(BT,,.)
1 Ay ) Bt (7, 3 Un (1)) = Aug ) Bt (1), Bxtan (W) 115,
ST U =ty (110U OB 5, )+ 10Uy 5, )) X
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x (14 1) 2 5, )

a2, N3 = un WG 5, 1Bl 5,
120 By, [(1+1Z00)1g ) (14120003, ) + 12O, |, 545

and, by similar calculations,

f2 s 12y, [(1 120008, ) (14 120001, ) + 12013, |- 546
Furthermore, Lemmata 5.4 and 3.4 implies
£ S 1Un @) = O, [V 10015, + @B, | Wi,
SN2y, (11 Z0O ey, + 120 B, ) Win (I, - (5.47)

Hence by substituting (5.45)—(5.47) in (5.44) we get

15,y ST 120, [(1H 120y, ) (14 12000y, ) + 12 O, |
N2y, (1120 ey, + 120 B, ) Wi I,

consequently, the definition of 7, and Lemma 5.11 suggest

ATy AT,
E fnfn(r)ni,l(BT_,)m <E /{IIZMII%M [((1+5) (148) + 5]
0 0
HIZa O, <1+N2+62) <1+15’2> ||}.ln(r)”%—lﬂ} dr]
tATy

SE /e(r,T;x,zn(r»CN,B(l+||/%n<r)||%,u) dr|.

0
(5.48)

for some constant Cy g > 0 depends on N, B, where B is a function of x which is bounded on
compact sets. Then substitution of (5.43) and (5.48) in (5.42) implies, here we write dependency
of e on x and T explicitly,

E|: sup e(s, T;x, Zn(s))] ST,x En (1+N2)

0<s<tAT,
AT,
B | [ 1 sup e i 21 (14 1)1, ) dr
0<s<rat,

Therefore, invoking the stochastic Gronwall Lemma, see [30, Lemma 3.9], gives,
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sup E |: sup e(s,T;x, Zn(s)):| Staén (14 N?) exp [CN,B(T + /\/l)] . (5.49)
x€[—a,al 0<s<tAT,
Since g, — 0 as n — oo and

E |: sup e(s, T;x,Z,,(s)):| =E |: sup e(s ATy, T x, Z,(s A ‘L'n)):| ,

0<s<tAT, 0<s<t

inequality (5.49) gives lim SUPye[—q.a] E [sup0<l<T et nt,, T;x,Z,(t A rn))] = 0. Hence we
n— 00 ’ - =
are done with the proof of Proposition 5.16. O

To proceed further we also need the following stochastic analogue of Lemma 5.11.

Lemma 5.17. There exists a constant B .= B(N, T, M) > 0 such that

limsup sup E| sup et AT, T;x,Z,tAT)) | <B.
n—>oo  x€l—a,al te[O,%]

Proof of Lemma 5.17. Let us fix sequence {e;} jcn of orthonormal basis of H,. Let us also fix
any n € N. With the notation of this subsection, Proposition C.1, with k = 1, L = I, implies for
every t € [0, %] and x € [—a, a],

t t

e(t, T: x, Zy(1)) < / V(r,x, Zy(r)) dr + f V(). ga ()W (M) g1t (3 71
0 0

with
Vir,x, Zy(r)) :==(Un(r), Va(r)) p2(8x, 7—ry) T (Va (1), (D) 51 (Bx, 7=y

1 & )
+5 2 len (e 131 5.7y
j:

where for simplification we avoid writing the dependency of Lh.s. on T explicitly, and

Fa(r) := Ay, () (Va (1), Va(r) = A, () @x Un (r), 9:Un (1) + Y (Un (1)) (r),
gn(r) := /enY (Up (r)).

Next, we set

Yu(t,x):=E |: sup e(s At,, T;x,Z,(s A t,,)):| , tel0,T].

0<s<t
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Now, we intent to follow the procedure of Proposition 5.16. By the Cauchy-Schwartz inequality,
for T € [0, %] and x € [—a, a], we have

AT, TAT,

sup /V(r,x,Z,,(r))der / e(r,T;x,Z,(r))dr
0<t<rt
0
TAT,
w5 [ (hon + lgn () - 12 ) dr
) n HY(B(x,T—r)) &n L (H,, H (B(x,T—r))) :
0

Since the g, here is same as in Proposition 5.16, the computation of (5.38)—(5.43) fits here too
and we have

tAT,

E |: sup e(s,T;x, Z,,(s)):| <rkE / e(r,T;x,Z,(r))dr (5.50)
0<s<tAT,
0
ATy
+E f Ilfn(r)lli,l(g(”_r)) dr | +e.(1+N?).
0

Invoking Lemmata 3.4 and 5.4 implies, to save space we write Br_, instead of B(x, T —r),
2 2 2
Va5, S 14U @ Un(), 0 U5 + 1AL Va 0) Va1,
Y Un DI (D15,
St (L 105, ) [T 10005,y WV, + a1,
S (14120, ) [T 1Z0 Oy, + W1, |

So from (5.50) and the definition (5.34) we get

sup E |: sup e(s,T;x, Z,,(s))j| ST N2E [t At,] +e,(1 4+ N?)

x€[—a,a) 0<s<tAT,
AT,
+(1+N)E f (14 N2+ i)l ) dr
0
<y N>T + (1 + N)T + M +¢e,(1 4+ N?).

Since lim &, =0, taking limsup,_, o, on both the sides we get the required bound, and hence,

n—o0
the Lemma 5.17. O
Lemma 5.18. The sequence of Xr-valued process {Z,},eN converges in probability to 0.
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Proof of Lemma 5.18. We aim to show that for every x € R and R,§,« > O there exists a
natural number n¢ such that

P| sup ”Zn(t)”HB(,\'R)>6 <a forall n>nyg. (5.51)
t€[0,T] '

Let us choose and fix x € R, § > 0, > 0. In first step, we prove (5.51) for the case when R is

set to be T. Let us also set 7 = 2T. Then, since || - 143, 18 increasing in r and for 7 € [0, T']
wehave T —t>T =R, and

P[ sup 1120 () 13450 1, >a} SIP’[ sup 11250 13450 7, >5]. (5.52)
t€[0,T] 1€[0,T]

Further note that, since 0 <e(t, T; x, Z,(t, w)) = %IlZn (t, w) ”%‘lm e due to (5.52) instead of
showing (5.51), in the setting R = T, it is enough to show that there exists ng € N such that

IP’[ sup e(t, T x, Z,(t, w)) > 52/2} <a forall n>no. (5.53)
t€[0,T]

But, since x is fix in the argument now, there exists @ > 0 such that x € [—a, a] and the following
holds

P| sup e(t,T;x,Z,(t))>8%/2|< sup P| sup e, T;x,Z,(1)>8%/2].
tel0,7T] x€[—a,a] tel0,T]

Consequently instead of (5.53) it is sufficient to show that the existence of np € N such that

sup P[ sup e(t,T;x, Z,(t, w)) >82/2j| <a forall n>ng. (5.54)

x€[—a,a) te[0,T]

To prove (5.54), let us define a sequence {k, },cN of stopping time via replacing T by 7 in (5.34).
Now choose N > || (1o, vo) ||, .~ and ng € N such that, based on Lemma 5.17 for 7 instead of

a+T
T,
2 o
—5 Sup  sup E| sup e(t Axy, T x,Z,(t ANky)) | < = forall n > ny, (5.55)
N eNxe[-aa] | re0,7] 2

and, due to Proposition 5.16 for 7 instead of T,

52
sup E |: sup et Ay, T x, 2, A Kn)):| < Ta for all n > ny. (5.56)

x€[—a,a] t€l0,T]
Thus the Markov inequality followed by using of (5.55) and (5.56), for n > ny, gives
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sup IP’|: sup e(t,T;x, Z,(1)) >82/2:|

x€[—a,a] t€[0,T]

= sup IP’|: sup e(r, T x, Z,(t)) > 822 andK,,=7{|

x€[—a,a) t€[0,T]

N2
4+ sup P | sup e T;x,2Z,@)) > 82/2 ande(®, T:;x,Z,1)) > —
x€[—a,a] t€[0,T] 2

| 2

sup ]E|: sup e(t,T;x,Zn(f))i|

x€[—a,a) tel0,T]

+ % sup IE|: sup e, T;x, Z,,(t))i| <a. (5.57)

x€[—a,a] t€[0,T]

Now we move to prove (5.51) when R is not set to 7. Since the closure of B(x, R) is compact
and B(x, R) C Uyepx,r)B(y, T), we can find finitely many center {x;}7_, such that B(x, R) C
U’ B(x;, T). Moreover, since B(x, R) is bounded, there exists a > 0 such that B(x, R) €
[—a,a]. In particular, x; € [—a,a] for all i = 1,...,m. Then since | Z,(z, w)”HB(,\',R) <
2Lt 12a(t, )24y, 1> We have

x€[—a,al t€[0,7T] x€[—a,a) t€l0, T]

sup ]P’|: sup ([ Za (D150 p) >8:| sup ]P’[ sup ZHZ ([)”HB(A S >8:|

m
< Z sup ]P’|: sup ||Z,,(t)||7.LB<”> > 8:| <m sup P |: sup e(t,T;x,Z,(1)) > 82/2i|.

—a,al tel0,T] x€[—a,a) t€[0,T]

Now by taking « as «/m in (5.57), of course with new a, we get that there exists an ng € N such
that, for all n > no,

sup P|lweQ: sup [|Z,(1, )y, >6| <o
x€[—a,a] t€[0,T] '

Hence the Lemma 5.18. O

Now we come back to the proof of Statement 2. Recall that S is a separable metric space.
Since, by the assumptions, the sequence {-Z(h,)},en of laws on S converges weakly to the
law .Z(h), the Skorokhod representation theorem, see for example [44, Theorem 3.30], there
exists a probability space (Q,.7,P), and on this probability space, one can construct processes
(hn, W) such that the joint distribution of (hn, W) is same as that of (4,,, W), the distribution
of i coincide with that of /, and h,, —= h, P-a.s. pointwise on €, in the weak topology of

Sy By Proposition 5.13 this implies that

J%6 fzn —J%h in Xr P-a.s. pointwise on Q.
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Next, we claim that

L(zn) =L (), foralln

where
znzzJooh:Q—>XT and Z, :=]Ooﬁn:fZ—>XT.

To avoid complexity, we will write J°(h) for J® o h. Let B be an arbitrary Borel subset of X7.
Thus, since from Proposition 5.13 JO: Sy — Xr is Borel, (JO)_I(B) is Borel in Spq. So we
have

LB =P [/ )@ € B =P 1 (107 ®) ] = 2t (007 B).

But, since .Z(h,) = £ (h,) on Xr, this implies 2 (z,)(B) = Z(Z,)(B). Hence the claim and
by a similar argument we also have .Z(zp) = £ (z,).

Before moving forward, note that from Lemma 5.18, the sequence of A7-valued random
variables, defined from €2, J (h,) — JO(h,) converges in measure [P to 0. Consequently, because

L(hy) = %L (hy) and J — JO is measurable, we infer that J (h,) — J(h,) E) 0asn— oo.
Hence, we can choose a subsequence {J®" (fz,,) —J O(EH)}nEN , indexed again by n, of X'r-valued
random variables converges to 0, P-almost surely.

Now we claim to have the proof of Statement 2. Indeed, for any globally Lipschitz continuous
and bounded function ¥ : X7 — R, see [31, Theorem 11.3.3], we have

/W(x)df(fs"(hn))—/%ﬁ(x)df(fo(h))
T Xr

_ / V() AL () — / V() dLIOG)
XT XT

<| [ v (s50) = v (4°) | a2
Q
+ /w (Jo(ﬁn)) dPp —/w (Jo(ﬁ)) dP|.
Q Q

Since J O(fln) —J O(fz), P-a.s. and  is bounded and continuous, we deduce that the 2nd
n—oo

term in right hand side above converges to 0 as n — oo. Moreover we claim that the 1st term
also goes to 0. Indeed, it follows from the dominated convergence theorem because the term is
bounded by
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LV,/W (hn) — JO(hy) | dP,
Q

where Ly, is Lipschitz constant of 1y, and the sequence {J*" (ﬁn) —J O(fz,,)}neN converges to 0,
P-as.
Therefore, Statement 2 holds true and we complete the proof of Theorem 5.7.
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Appendix A. Intrinsic and extrinsic formulation

Here we recall the intrinsic and extrinsic formulation of SGWE from [15] and state, without
proof, the equivalence result between them. Consider the following SGWE Cauchy problem

D,0,u =D, dxu + Y, (,u, dyu) W,
u(0, -) = uo, (A.1)
Ou(t, ))i=0 = vo

Assume that ug, vg are Fo-measurable random variables with values in HI%)C(]R,M) and

HILC(R, T M) respectively such that uo(x,w) € M and vo(x, ) € Tyy(x,)M hold for every
weQand x e R.

Definition A.1 ([15, Definition 2.3]). A process u : Ry x R x Q@ — M is called an intrinsic
solution of problem (A.1) provided the following six conditions are satisfied:

(i) u(t,x,-) is §s-measurable for every x € R and every ¢ > 0,
(i) u(-, -, ) belongs to C'(Ry x R, M) for every w € ,
Gii) R* st u(t,-,w) € HI%C(R, M) is continuous for every w € €2,
(iv) Rt st du(t, -, w) e HILC(]R; T M) is continuous for every w € €2,
V) u(0, x, w) =ug(x, w) and 9;u(0, x, w) = vo(x, w) holds for every x € R almost surely,
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(vi) and for every vector field X on M, and every t >0 and R > 0

t
(0. X )10 = (00, XD 70+ [ (DBi6), X600 ds
0
1
—l— /(3114(5), VB;M(S)X>TM(S)MdS
0

t
+ /(X(M(S)), Yiu(s) (Oru(s), 0xu(s)) dW ()1, M
0

holds in L2(—R, R) almost surely.

Definition A.2 ([15, Definition 2.6]). A process u : Ry x R x @ — M is called an extrinsic
solution of problem (A.1) if and only if the following six conditions are satisfied.

(a) u(t,x,-) is §;-measurable for every t > 0 and x € R,

b) Rt st u(t, o) e HI%C(]R; R"™) is continuous for every w € €,

) Rtst—ut, o) e Hl%)c (R; R™) is continuously differentiable for every w € 2,

(d) u(t,x,w) e M for every x € R and every w € 2,

(e) u(0,x,w)=up(x,w) and d;u(0, x, ®) = vo(x, w) holds for every x € R almost surely,
(f) and forevery ¢t >0and R >0

t
du(t) =vo + / [cxue(s) — Augs) (xuu(s), dxuu(s)) + Au(s) (Qruls), 0iu(s))] ds
0
+/Yu(s)(azu(s),3xM(S))dW(S),
0

holds in L2((—R, R); R™) almost surely.

The next result state the equivalence between the intrinsic solution and extrinsic solution to
the problem (A.1).

Theorem A.3 ([15, Theorem 12.1]). Assume that ugy, vy are §o-measurable random variables
with values in HI%C (R, M) and HILC(R, T M) respectively such that ug(x, w) € M and vo(x, w) €
Tuo(x,0)M hold for every w € Q and x € R. Suppose also that M is a compact submanifold of
R™ as in Definition A.2. Then a process u : R4 x R x Q — M is an intrinsic solution of problem
(A.1) if and only if it is an extrinsic solution of the same problem.
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Appendix B. Existence and uniqueness result

In this part we recall a result about the existence of a uniqueness global solution, in strong
sense, to problem (A.1). We ask the reader to refer [15, Theorem 11.1] for the proof.

Theorem B.1. Fix T > 0 and R > T. For every §o-measurable random variable ug, vy with
values in HIZOC(R, M) and Hlloc(]R, T M), there exists a process u : [0, T) x R x Q — M, which
we denote by u = {u(t),t < T}, such that the following hold:

(1) u(t,x,-): 2 — M is §;-measurable for everyt < T and x € R,

(2) [0,T)> ¢+ u(t,-,w) € H((—R, R); R") is continuous for almost every w € €2,

(3) [0,T) >t u(t,-,w) € H'((—R, R); R") is continuously differentiable for almost every
w € Q,

4) u(t,x,w) e M, foreveryt <T,x € R, P-almost surely,

) u0, x, w) =uo(x, ) and 0;u(0, x, w) = vo(x, w) holds, for every x € R, P-almost surely,

(6) foreveryt>0and R >0,

t

du(t) =vo + / [cxue(s) — Augs) (xuu(s), dxtu(s)) + Au(s) (Qruls), du(s))] ds
0
t

+ / Yiu(s)(Bru(s), dxu(s)) dW(s),
0

holds in L*((—R, R); R™), P-almost surely.

Moreover; if there exists another process U = {U(t); t > 0} satisfy the above properties, then
U(t,x,w) =u(t,x,w) forevery |x| < R —t andt €10, T), P-almost surely.

Appendix C. Energy inequality for stochastic wave equation

Recall the following slightly modified version of [15, Proposition 6.1] for a one (spatial)
dimensional linear inhomogeneous stochastic wave equation. For / € N, we use the symbol D'k

1,1 17,2 lpn
to denote the R"*!-vector (‘”’ dh ... dh )

dx! dx!’ > dxl

Proposition C.1. Assume that T > 0 and k € N. Let W be a cylindrical Wiener process on a

Hilbert space K. Let f and g be progressively measurable processes with values, respectively,
in H* (R: R") and % (K, H* (R;R")) such that, for every R > 0,

loc loc

T
/ {”f(s)||Hk((—R7R);R") + ”g(s)”E_Z%(K’Hk((,R’R);Rn))} dS < 00,
0

P-almost surely. Let 7o be an .Fy-measurable random variable with values in

HE = HEPV(R; R™) x HE (R; R™).

loc loc
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k

Assume that an H,,,

-valued process 7 = z(t), t € [0, T], satisfies

t t
z(t) = S;z()+/S,_s (f?s)) ds +[St_s (g?s)) dw (s), 0<r<T.
0 0

Given x € R, we define the energy function e : [0, T]1 x HX — Rt by, for z = (u, v) € HX

loc loc’

k

1 2 I+1. 12 o2

e, T;x,2)= 3 :”””LZ(B(x,T—t)) + Z [”D Ulz2ege,r—yy T 1P ””LZ(B(x,T—z))] '
=0

Assume that L : [0,00) — R is a non-decreasing C*-smooth function and define the second
energy function E [0, T] x HX — R, by

loc

E(t,2)=L(e(t, T;x,2)), 2= (u,v) € Hy,,.

Let {e} be an orthonormal basis of K. We define a function V : [0, T] x HE SR, by

loc

k
V(t,2) =L'(e(t, T; x,2) [(u, V) 25,7y T (D', D’f<t>>Lz(B<x,T_m}
=0

k
1
+ L', Tix,2) )0 Y 1D (e Tap 7y +
j 1=0

k 2

1

+5L"(e(t, T; x,2) Z [gwlv, Dl[ga)ej]nzw(xj,))} L (t.2) €10, T] x Hj,,.
] =

where we suppress the dependency of the left hand side on T and x. Then E is continuous on
[0, T] x Hk and for every 0 <t <T,

loc’

t
E(t,z(1)) < E(O,Zo)+/V(r,z(r)dr
0

k 1
+y f L'(e(r. 2D (). D'g(r) dW () 257 pye Pras:
=0 0

References

[1] J.M. Ball, Strongly continuous semigroups, weak solutions, and the variation of constants formula, Proc. Am. Math.
Soc. 63 (2) (1977) 370-373.

[2] L. Banas, Z. Brzezniak, M. Neklyudov, M. Ondrejat, A. Prohl, Ergodicity for a stochastic geodesic equation in the
tangent bundle of the 2D sphere, Czechoslov. Math. J. 65(140) (3) (2015) 617-657.

[3] P. Biernat, P. Bizon, Shrinkers, expanders, and the unique continuation beyond generic blowup in the heat flow for
harmonic maps between spheres, Nonlinearity 24 (8) (2011) 2211-2228.

66


http://refhub.elsevier.com/S0022-0396(22)00240-6/bib57E652C5CCD8381E0BA5D44A95F7BF5Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib57E652C5CCD8381E0BA5D44A95F7BF5Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib9A791CC7A8B2A71904D0CD6913064617s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib9A791CC7A8B2A71904D0CD6913064617s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC8F7ECE92E614A40991FDDA171E6C851s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC8F7ECE92E614A40991FDDA171E6C851s1

Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

[4] P. Bizon, T. Chmaj, Z. Tabor, Formation of singularities for equivariant (2 + 1)-dimensional wave maps into the
2-sphere, Nonlinearity 14 (5) (2001) 1041-1053.
[5] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universitext, Springer, New
York, 2011.
[6] Y. Bruned, F. Gabriel, M. Hairer, L. Zambotti, Geometric stochastic heat equations, https://arxiv.org/abs/1902.
02884, 2019.
[7] Z. Brzezniak, A. Carroll, The stochastic nonlinear heat equation, in preparation.
[8] Z. Brzezniak, B. Goldys, T. Jegaraj, Weak solutions of a stochastic Landau-Lifshitz-Gilbert equation, Appl. Math.
Res. Express 1 (2013) 1-33.
[9] Z. Brzezniak, B. Goldys, T. Jegaraj, Large deviations and transitions between equilibria for stochastic Landau-
Lifshitz-Gilbert equation, Arch. Ration. Mech. Anal. 226 (2) (2017) 497-558.
[10] Z. Brzezniak, B. Goldys, N. Rana, Large deviations for stochastic geometric wave equation, arXiv:2006.07108.
[11] Z. BrzeZniak, J. Hussain, Large deviations for stochastic heat equation on Hilbert manifold, in preparation.
[12] Z. Brzezniak, U. Manna, J. Zhai, Large deviations for a stochastic Landau-Lifshitz-Gilbert equation driven by pure
jump noise, in preparation.
[13] Z. BrzeZzniak, U. Manna, A.A. Panda, Large deviations for stochastic nematic liquid crystals driven by multiplicative
Gaussian noise, Potential Anal. 1 (40) (2019).
[14] Z. Brzezniak, B. Maslowski, J. Seidler, Stochastic nonlinear beam equations, Probab. Theory Relat. Fields 132 (1)
(2005) 119-149.
[15] Z. Brzezniak, M. Ondrejat, Strong solutions to stochastic wave equations with values in Riemannian manifolds,
J. Funct. Anal. 253 (2) (2007) 449-481.
[16] Z. Brzezniak, M. Ondrejét, Stochastic wave equations with values in Riemannian manifolds, in: Stochastic Partial
Differential Equations and Applications, in: Quad. Mat., vol. 25, Dept. Math., Seconda Univ. Napoli, Caserta, 2010,
pp. 65-97.
[17] Z. Brzezniak, M. Ondrejat, Weak solutions to stochastic wave equations with values in Riemannian manifolds,
Commun. Partial Differ. Equ. 36 (9) (2011) 1624—-1653.
[18] Z. Brzezniak, B. Goldys, M. Ondrejt, Stochastic geometric partial differential equations, in: New Trends in
Stochastic Analysis and Related Topics, in: Interdiscip. Math. Sci., vol. 12, World Sci. Publ., 2012, pp. 1-32.
[19] Z. Brzezniak, M. Ondrejat, Stochastic geometric wave equations with values in compact Riemannian homogeneous
spaces, Ann. Probab. 41 (2013) 1938-1977.
[20] Z. Brzezniak, X(uhui) Peng, J. Zhai, Well-posedness and large deviations for 2-D Stochastic Navier-Stokes equa-
tions with jumps, to appear in J. Eur. Math. Soc. (JEMS) (2022).
[21] A. Budhiraja, P. Dupuis, A variational representation for positive functionals of infinite dimensional Brownian
motion, Probab. Math. Stat. 20 (1) (2000) 39-61, Acta Univ. Wratislav. No. 2246.
[22] A. Budhiraja, P. Dupuis, V. Maroulas, Large deviations for infinite dimensional stochastic dynamical systems, Ann.
Probab. 36 (4) (2008) 1390-1420.
[23] A. Carroll, The stochastic nonlinear heat equation, PhD thesis, University of Hull, 1999.
[24] H. Cartan, Differential Calculus, Hermann/Houghton Mifflin Co., Paris/Boston, Mass., 1971.
[25] I. Chueshov, A. Millet, Stochastic 2D hydrodynamical type systems: well posedness and large deviations, Appl.
Math. Optim. 61 (3) (2010) 379-420.
[26] A. Chojnowska-Michalik, Stochastic differential equations in Hilbert spaces, in: Probability Theory, in: Banach
Center Publ., vol. 5, PWN, Warsaw, 1979, pp. 53-74.
[27] A.B. Cruzeiro, Z. Haba, Invariant measure for a wave equation on a Riemannian manifold, in: Stochastic Differen-
tial and Difference Equations, in: Progr. Systems Control Theory, vol. 23, Birkhduser Boston, Boston, MA, 1997,
pp. 35-41.
[28] A. Debussche, E. Gautier, Small noise asymptotic of the timing jitter in soliton transmission, Ann. Appl. Probab.
18 (1) (2008) 178-208.
[29] R. Donninger, On stable self-similar blowup for equivariant wave maps, Commun. Pure Appl. Math. 64 (8) (2011)
1095-1147.
[30] J. Duan, A. Millet, Large deviations for the Boussinesq equations under random influences, Stoch. Process. Appl.
119 (6) (2009) 2052-2081.
[31] R.M. Dudley, Real Analysis and Probability, Wadsworth & Brooks/Cole, Pacific Grove, 1989.
[32] J.-P. Eckmann, D. Ruelle, Ergodic theory of chaos and strange attractors, Rev. Mod. Phys. 57 (3) (1985) 617-656,
part 1.
[33] R. Engelking, General Topology, Translated from the Polish by the author, second edition, Sigma Series in Pure
Mathematics, vol. 6, Heldermann Verlag, Berlin, 1989.

67


http://refhub.elsevier.com/S0022-0396(22)00240-6/bib84BE9E78B3CC0DB845A9B9A6B3678B2Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib84BE9E78B3CC0DB845A9B9A6B3678B2Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib65DB46222743BF973BAAD5A3D2864FEEs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib65DB46222743BF973BAAD5A3D2864FEEs1
https://arxiv.org/abs/1902.02884
https://arxiv.org/abs/1902.02884
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib0FB2DC0351DED09DEAE56B24CC988B43s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib0FB2DC0351DED09DEAE56B24CC988B43s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib83489F7FC1C261850D812EDD809ECF02s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib83489F7FC1C261850D812EDD809ECF02s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC12CF0150C48E8EDA94E9B375A5B8DA5s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibD781EA83FC0F8A1540BD3F3738E9078Bs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibD781EA83FC0F8A1540BD3F3738E9078Bs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib63469B2DC0831DC1DB36960A7F5206DCs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib63469B2DC0831DC1DB36960A7F5206DCs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC1B20E4F9939C6549EA60DF9859CAFABs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC1B20E4F9939C6549EA60DF9859CAFABs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib8EE6DE46D696C9DE8A21CA0702AEB53Es1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib8EE6DE46D696C9DE8A21CA0702AEB53Es1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib8EE6DE46D696C9DE8A21CA0702AEB53Es1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibEB4AEBA4709C5ECF099B4EFFFA8983A9s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibEB4AEBA4709C5ECF099B4EFFFA8983A9s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib0E44BEDF7E5BC53F3EAAC876E84D1757s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib0E44BEDF7E5BC53F3EAAC876E84D1757s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBE73EB918B636C73E7647DAB38828B25s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBE73EB918B636C73E7647DAB38828B25s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC1D7C997CE17ADDDEAAB593DBFB4B80Bs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibC1D7C997CE17ADDDEAAB593DBFB4B80Bs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib16DD7BCB1D1B5858CC694B4BA478ACA1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib16DD7BCB1D1B5858CC694B4BA478ACA1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibD111E6FC687650FA488C103716FF13B7s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibD111E6FC687650FA488C103716FF13B7s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib8444EEA948B62B9E62DE6E7CD47199ABs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib598EAE19D3FB193165F8C0F452336E2Bs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib616D3AEDB10749FB7D12669742A1E94Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib616D3AEDB10749FB7D12669742A1E94Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib50012C6A2B0B7D687C13C12A5AA5EBBEs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib50012C6A2B0B7D687C13C12A5AA5EBBEs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib6DCC567472B6C3511129C25EDD4CCE3Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib6DCC567472B6C3511129C25EDD4CCE3Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib6DCC567472B6C3511129C25EDD4CCE3Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibA084F9D74254D618E2FC57ABAF428B25s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibA084F9D74254D618E2FC57ABAF428B25s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibA1AF9D6767BF7AE13E80EBD7C75FC17Ds1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibA1AF9D6767BF7AE13E80EBD7C75FC17Ds1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib7A29825DB7FD72C169F5A89F6BCC177Cs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib7A29825DB7FD72C169F5A89F6BCC177Cs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibE6231F73145E28D407AF4C883BF0EAF3s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib05B22112D2D8F7630BA4F06DA6C9D7FBs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib05B22112D2D8F7630BA4F06DA6C9D7FBs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibCA0F83E3D094EA772F03ADF9965FCC08s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibCA0F83E3D094EA772F03ADF9965FCC08s1

Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

[34] L.C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, vol. 19, American Mathematical So-
ciety, Providence, RI, 1998.

[35] W.G. Faris, G. Jona-Lasinio, Large fluctuations for a nonlinear heat equation with noise, J. Phys. A 15 (10) (1982)
3025-3055.

[36] W.G. Faris, G. Jona-Lasinio, Nonlinear mechanics of a string in a viscous noisy environment, in: Structural Elements
in Particle Physics and Statistical Mechanics, Freiburg, 1981, in: NATO Adv. Study Inst. Ser. B: Physics, vol. 82,
Plenum, New York, 1983, pp. 171-178.

[37] A. Friedman, Partial Differential Equations, Holt, Rinehart and Winston, Inc., New York-Montreal, Que.-London,
1969.

[38] T. Funaki, A stochastic partial differential equation with values in a manifold, J. Funct. Anal. 109 (2) (1992)
257-288.

[39] D.-A. Geba, M.G. Grillakis, An Introduction to the Theory of Wave Maps and Related Geometric Problems, World
Scientific Publishing Co. Pte. Ltd., NJ, 2017.

[40] R.S. Hamilton, Harmonic Maps of Manifolds with Boundary, Lecture Notes in Mathematics, vol. 471, Springer-
Verlag, Berlin-New York, 1975.

[41] R. Hermann, Differential Geometry and the Calculus of Variations, Mathematics in Science and Engineering,
vol. 49, Academic Press, New York-London, 1968.

[42] J. Hussain, Analysis of some deterministic & stochastic evolution equations with solutions taking values in an
infinite dimensional Hilbert manifold, PhD thesis, University of York, 2015.

[43] H. Jia, C. Kenig, Asymptotic decomposition for semilinear wave and equivariant wave map equations, Am. J. Math.
139 (6) (2017) 1521-1603.

[44] O. Kallenberg, Foundations of Modern Probability, Probability and Its Applications (New York), Springer-Verlag,
New York, 1997.

[45] T. Kok, Stochastic evolution equations in Banach spaces and applications to the Heath-Jarrow-Morton-Musiela
equation, PhD thesis, University of York, 2017.

[46] T. Lévy, James R. Norris, Large deviations for the Yang-Mills measure on a compact surface, Commun. Math. Phys.
261 (2) (2006) 405-450.

[47] J.-L. Lions, E. Magenes, Non-homogeneous Boundary Value Problems and Applications, Springer-Verlag, New
York-Heidelberg, 1972.

[48] D. Martirosyan, Large deviations for stationary measures of stochastic nonlinear wave equations with smooth white
noise, Commun. Pure Appl. Math. 70 (9) (2017) 1754-1797.

[49] J. Nash, The imbedding problem for Riemannian manifolds, Ann. Math. (2) 63 (1956) 20-63.

[50] M. Ondrejat, Uniqueness for stochastic evolution equations in Banach spaces, Diss. Math. 426 (2004).

[51] M. Ondrejat, Existence of global mild and strong solutions to stochastic hyperbolic evolution equations driven by a
spatially homogeneous Wiener process, J. Evol. Equ. 4 (2) (2004) 169-191.

[52] M. Ondrejat, Stochastic nonlinear wave equations in local Sobolev spaces, Electron. J. Probab. 15 (33) (2010)
1041-1091.

[53] B. O’Neill, Semi-Riemannian Geometry. With Applications to Relativity, Pure and Applied Mathematics, vol. 103,
Academic Press, Inc., New York, 1983.

[54] S. Peszat, The Cauchy problem for a nonlinear stochastic wave equation in any dimension, J. Evol. Equ. 2 (3) (2002)
383-394.

[55] S. Peszat, Oral communication, 2019.

[56] S. Peszat, J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process, Stoch. Process.
Appl. 72 (2) (1997) 187-204.

[57] S. Peszat, J. Zabczyk, Non linear stochastic wave and heat equations, Probab. Theory Relat. Fields 116 (3) (2000)
421-443.

[58] M. Rockner, B. Wu, R. Zhu, X. Zhu, Stochastic heat equations with values in a Riemannian manifold, Atti Accad.
Naz. Lincei, Rend. Lincei, Mat. Appl. 29 (1) (2018) 205-213.

[59] W. Rudin, Functional Analysis, second edition, International Series in Pure and Applied Mathematics, McGraw-
Hill, Inc., New York, 1991.

[60] J. Shatah, M. Struwe, Geometric Wave Equations, Courant Lecture Notes in Mathematics, vol. 2, New York Uni-
versity, Courant Institute of Mathematical Sciences/American Mathematical Society, New York/Providence, RI,
1998.

[61] M. Salins, A. Budhiraja, P. Dupuis, Uniform large deviation principles for Banach space valued stochastic evolution
equations, Trans. Am. Math. Soc. 372 (12) (2019) 8363-8421.

[62] J. Simon, Compact sets in the space L” (0, T; B), Ann. Mat. Pura Appl. (4) 146 (1987) 65-96.

68


http://refhub.elsevier.com/S0022-0396(22)00240-6/bib7F668CD59A12229690187D45EC39CB6Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib7F668CD59A12229690187D45EC39CB6Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib802D9C8B8C197E113AFB1EEE0AAF2979s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib802D9C8B8C197E113AFB1EEE0AAF2979s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibB679A32BBBCAB8170D794D7C526547CDs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibB679A32BBBCAB8170D794D7C526547CDs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibB679A32BBBCAB8170D794D7C526547CDs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBC71FC142EA150590D377F16A0170166s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBC71FC142EA150590D377F16A0170166s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibB550814EABEE64343D778782A93A3AD0s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibB550814EABEE64343D778782A93A3AD0s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib2967BDE585DE5D5D838C9B812F6156AEs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib2967BDE585DE5D5D838C9B812F6156AEs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib6E1D47DFC8C40F3D0C2CAB4EBC3092B1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib6E1D47DFC8C40F3D0C2CAB4EBC3092B1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib50348F0DD11914B8D72DC964EE9B0FD6s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib50348F0DD11914B8D72DC964EE9B0FD6s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBAB033D2C4019ADA490B437D59B0698As1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBAB033D2C4019ADA490B437D59B0698As1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibA6907ACF5B337A322193F19B6698C867s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibA6907ACF5B337A322193F19B6698C867s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib56B653E4C128C4868F08FD7ABE621DE0s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib56B653E4C128C4868F08FD7ABE621DE0s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib00A72D229381C68BEDD9CA7508320981s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib00A72D229381C68BEDD9CA7508320981s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib44041E67A48E7629148000666397FF53s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib44041E67A48E7629148000666397FF53s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib30EAF57D555DD31ADB5CCE2DF2E52BB0s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib30EAF57D555DD31ADB5CCE2DF2E52BB0s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib270674AC59648BFDBC064B12CE90F4B1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib270674AC59648BFDBC064B12CE90F4B1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibBD4B3EA7EC23F66F6703AE4C8DA143F1s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibAFE32AB63AA0196DAB91BA9E15C5D634s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib8BBB940CEDA04E99A6026B5396D43721s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib8BBB940CEDA04E99A6026B5396D43721s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib560014CAF56004A2524721E1F48EAED2s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib560014CAF56004A2524721E1F48EAED2s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib58AE21362062864CB6C7B3CF3F99FA82s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib58AE21362062864CB6C7B3CF3F99FA82s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibE651ABFB1851DDE0AACA7A039AEAB5FFs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibE651ABFB1851DDE0AACA7A039AEAB5FFs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibEE543DB60D2BC503A5057F3FB868BBC7s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibEE543DB60D2BC503A5057F3FB868BBC7s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib4683B0501D15DC19E9270CDECF0A0855s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib4683B0501D15DC19E9270CDECF0A0855s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibF18A798C75A9BD47298E0CF7C48A451Es1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibF18A798C75A9BD47298E0CF7C48A451Es1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib56EC4E6859934538A1573536D53E9CC6s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib56EC4E6859934538A1573536D53E9CC6s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib34378EBCD679FBEF7394C9D2A07D14D9s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib34378EBCD679FBEF7394C9D2A07D14D9s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib34378EBCD679FBEF7394C9D2A07D14D9s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibF6A601F9A3928146F77F21D97F9FE898s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bibF6A601F9A3928146F77F21D97F9FE898s1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib2B26F5E118824576CD7FD77C41936222s1

Z. BrzeZniak, B. Gotdys, M. Ondrejdt et al. Journal of Differential Equations 325 (2022) 1-69

[63] S.S. Sritharan, P. Sundar, Large deviations for the two-dimensional Navier-Stokes equations with multiplicative
noise, Stoch. Process. Appl. 116 (11) (2006) 1636-1659.
[64] T. Zhang, Large deviations for stochastic nonlinear beam equations, J. Funct. Anal. 248 (1) (2007) 175-201.

69


http://refhub.elsevier.com/S0022-0396(22)00240-6/bib55EA693A577A8530108B134636D4236Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib55EA693A577A8530108B134636D4236Fs1
http://refhub.elsevier.com/S0022-0396(22)00240-6/bib2C33F367DFF1EFB2A9447BA66687CD86s1

	Large deviations for (1+1)-dimensional stochastic geometric wave equation
	1 Introduction
	2 Notation
	3 Preliminaries
	3.1 The Wiener process
	3.2 Extensions of non-linear term
	3.3 The C0-group and the extension operators
	3.4 The diffusion coefficient

	4 Skeleton equation
	5 Large deviation principle
	5.1 Main result
	5.2 Proof of Statement 1
	5.3 Proof of Statement 2

	Acknowledgments
	Appendix A Intrinsic and extrinsic formulation
	Appendix B Existence and uniqueness result
	Appendix C Energy inequality for stochastic wave equation
	References


