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Sensitivity in Tensor Decomposition

Petr Tichavsky

Abstract—Canonical polyadic (CP) tensor decomposition is an
important task in many applications. Many times, the true tensor
rank is not known, or noise is present, and in such situations, dif-
ferent existing CP decomposition algorithms provide very different
results. In this letter, we introduce a notion of sensitivity of CP
decomposition and suggest to use it as a side criterion (besides the
fitting error) to evaluate different CP decomposition results. Next,
we propose a novel variant of a Krylov-Levenberg-Marquardt CP
decomposition algorithm which may serve for CP decomposition
with a constraint on the sensitivity. In simulations, we decompose
order-4 tensors that come from convolutional neural networks. We
show that it is useful to combine the CP decomposition algorithms
with an error-preserving correction.

1. INTRODUCTION

ENSOR decompositions and especially the canonical
T polyadic tensor representations are increasingly popular
since 70 s and the number of papers related to this problem
grows constantly. Also, the number of their applications is
increasing. For example, recently tensor decompositions were
used to speed-up learning and inference of deep neural networks,
namely convolutional neural networks (CNN’s) [1]-[8].

The workhorse algorithm, the Alternating Least Squares
(ALS) often exhibits a slow convergence [9], [10]. Significantly
faster convergence is obtained by second-order methods like
Gauss-Newton or damped Gauss-Newton method (Levenberg-
Marquardt, LM) [16], [17]. These methods need computation of
Hessian for the problem. Although inversion of the Hessian can
be evaluated relatively easily thanks to its special structure, these
methods still require to store the Hessian in computer memory.
This issue is alleviated in conjugate gradient algorithms, and in
nonlinear optimization algorithm, e.g., in Tensorlab [11]-[13].

Although the existing algorithms are quite fast and seem
powerful, there is one aspect that is mostly overlooked in the
existing literature. Usually, it is assumed that the tensor decom-
position is unique, and all CP decomposition algorithms should
converge to the same solution. In practice, however, the picture
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is often much more complex. Usually, given data contain noise
of some kind, and numerically one might obtain very different
results by doing CP decomposition. Moreover, the true rank
is often unknown, so that we should rather talk about a small
rank approximation of the data rather than CP decomposition.
Some practitioners use various kind of regularizations to avoid
unstable decompositions, but the problem is that there is no
unique methodology allowing to compare the performance of
different penalty terms.

In this letter, we propose a novel criterion to measure the
sensitivity of approximate CP decompositions with respect to
small deviations in the estimated factor matrices. Especially in
the application in CNN’s, the sensitivity of the decomposition is
important. The main idea here is to replace one convolution layer
with many coefficients by several simpler layers corresponding
to individual factor matrices of the tensor. The tensor build of the
factor matrices should not be overly sensitive to small changes
in the factor matrices.

It appears in our simulations that the sensitivity of CP de-
composition is related to the Error Preserving Correction (EPC)
[26]. EPC seeks, given approximate CP decomposition, another
approximation with the same rank and the same fitting error
(measured as a Frobenius norm of the error), having a lower
sum of squared Frobenius norm of the rank-one components.
Although the criterion of EPC is different, minimizing it usu-
ally reduces the sensitivity as well. We show this later in the
letter.

Second, we propose a novel variant of a recent CP ten-
sor decomposition algorithm called KLM (Krylov-Levenberg-
Marquardt), which minimizes the fitting error under the
condition of the limited sensitivity of the decomposition. The
key idea behind the KLM algorithm is a low-rank approximation
of the Hessian, which is done through the Krylov subspace [14],
[15], [22], using the fact, that products of the Hessian H with an
arbitrary vector x of the appropriate dimension can be computed
very efficiently thanks to a special structure of the Hessian,
without actually forming the Hessian [12]. The number of oper-
ations per iteration is dominated by computing the error gradient
(matricized tensor times KhatriRao product, MTTKRP), i.e. it
is basically the same as in the ALS method [10]. The rank of
the approximation of the Hessian is a design variable of the
technique. A higher rank results in increasing complexity of
each iteration, but it decreases the number of iterations needed to
achieve the convergence. Some tuning here might be necessary
to achieve the optimum performance, but usually even ad hoc
choice of the rank gives a method outperforming other methods.
An extension of the KLM algorithm for the case of weighted CP
decomposition has been submitted as [19].
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The rest of the letter is organized as follows. Section II
introduces the notion of the sensitivity of CP decomposition.
Section III presents the basics of the Levenberg-Marquardt
method and its constrained version. The KLM method is ex-
plained in Section I'V. Section V contains numerical examples,
where the performance of the proposed techniques is compared
with state-of-the-art techniques in Tensorlab. Section VI con-
cludes the letter.

II. SENSITIVITY OF CP TENSOR DECOMPOSITION

For simplicity, we explain the idea on the case of the order-3
tensor. Assume that a tensor 7 is approximated as

T~Ta=[A,B,C], (1)
where A, B, and C are factor matrices of the approximate CP
decomposition. The notation [[. . .]] means that

R

nzzarobrocr (2)

r=1

where o denotes the outer (tensor) product, R is the rank of the
approximation, and {a,}, {b,}, and {c,} are columns of the
factor matrices A, B, and C, respectively.

Most CP decomposition methods minimize the cost function

where || - || is the Frobenius norm.

The fitting error should never be the only performance cri-
terion. In [26], we proposed to monitor the sum of squared
Frobenius norm of the individual rank-one components,

R
SFN(A,B,C) =Y [[las. by, e ]]|3
r=1

R
= > larlPlbellle >,
r=1

The idea was to avoid situations in which the estimated rank-one
components have large Frobenius norms and cancel each other.
We have designed an algorithm which seeks, for a given de-
composition, another decomposition, which has the same fitting
error but has reduced value of SFN(A,B,C). It is called
Error Preserving Correction (EPC). The technique has proved
to improve the convergence of CP decomposition algorithms.

In [18], it was proposed to take the sum of Frobenius norms
of the factor matrices as a constraint,

SSN(A,B,C) = |A|% + Bl + |Cll%

R
=D llarl® + b + e

r=1

The constraint was SSN(A,B, C) = ¢, where ¢ was a suit-
able constant. The technique helped to decompose some matrix
multiplication tensors.

In this letter, we propose something similar, but numerically
slightly different. Assume that the factor matrices are perturbed
by random matrices dA, dB, dC, having random i.i.d. elements
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with Gaussian distribution of zero mean and variance 2. Then,
the sensitivity of the decomposition can be measured by the
expectation of the normalized squared Frobenius norm of the
difference

s(A,B,C) = E||T4 — [[A + dA,B + dB, C + dC]]||%/o?.

where E{.} is the expectation operator. In other words, we
study sensitivity of the tensor T4 = [[A, B, C]] with respect
to perturbations in individual factor matrices.

After a straightforward computation we get

s(A,B,C) =tr(ATA) « (B'B) + (B'B) « (CTC)
+ (ATA) « (CTQ))

R
= > lalPUbe I + e 1) + bl fler |
r=1
where “tr” is the matrix trace (sum of diagonal elements), and
“*” is the elementwise (Hadamard) product.
Note that in order to achieve the minimum sensitivity, the
power of each rank-1 component should be uniformly distributed
in all modes, i.e. we should have

||a7’H2 = ||br||2 = HCT||2 )

forall» =1,..., R. This condition can be achieved by appro-
priate scaling of the factors.

For decomposition of order-4 tensors, 74 = [[A, B, C,D]],
the sensitivity is defined analogously. The resultant expression
is

R
s(A,B,C,D) = > [la.[*[b.[*(lle. > + [1d,]?)
r=1

+ [lecl?ldr 1 (flar [ + b [%)  (5)
where {d, } are columns of the factor matrix D.
I1I. LEVENBERG-MARQUARDT TECHNIQUE AND

CONSTRAINED LM

Let the estimated parameters-factor matrices A, B and C -
be arranged in one long vector 6,

0 = [vec(A)T, vec(B)T, vec(C)T]7. (6)
Levenberg-Marquardt method consists in iterations
00— (H+ul)'g (7
where
-7y, 3= 2Ta0) oy - Ta0)

00
®)

and p is a damping parameter, which is sequentially updated
according to a rule described in [24]. Closed-form expressions
for the approximate Hessian H and gradient g will be discussed
later, for further details see [16].

In some difficult scenarios, it might be suitable to optimize
parameter u (perform a rough line search) in each iteration step
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of the main loop. Then, each iteration step would be more com-
plex, but the number of iterations needed to achieve convergence
might be reduced. The algorithm is summarized in Table 1.

A. Constrained Optimization

In this subsection, a simple modification of the LM method
to a constrained optimization is proposed. Assume that we wish
to optimize the cost function (3) under the constraint ¢(0) = ¢q.
We mainly consider the constraint function ¢(0) = s(A, B, C).
The idea is to minimize the second-order approximation of the
cost function at the point of the current approximation 6,

£(6) % ¢(80) + &7 (8~ 8y) + (6~ 60)"H(E - 6y). 9)

Instead of the true constraint function, we shall minimize the
approximation in (9) in the tangent plane to the corresponding
variety,

9c(6)
0

where

(0 —60)"up =0 up = (10)
0=0,

The augmented criterion to be minimized is
1
gT(G — 0()) + 5(0 — Ho)TH(H - 00) — )\(0 - Bo)TuU
where A is a Lagrange multiplier. The optimum 6 is

6 =6, —H ' (g — 2ug) (11)

The X for which the solution obeys the approximate constraint is
L =ulH 'g/(ulH 1uy). Thus, the minimizer in the tangent
plane would be

ulH 'g

0, — 0, Hlgs W0 &
! 0 & ulH 'y,

H 'u,. (12)
Instead of using (12) directly, we propose replacing H™! by
(H + pI)~! as in the LM method in order to avoid inverting
H, which is singular in our case. The next iteration of 8 would
be obtained by an appropriate scale change, 8; = a0, where
o = (co/c(0}))'/*4, so that the condition c(8;) = ¢ is fulfilled.

The proposed method works well, but we do not claim its
optimality. There are other nonlinear optimization methods [25].
Selection of the optimum method will be subject of a further
research.

IV. KRYLOV SUBSPACE TECHNIQUE

In the Levenberg-Marquardt algorithm, it is needed to com-
pute products of the type (H + 1I)~'g, where H is a symmetric
positive semidefinite matrix and g is a vector called “error
gradient”. Assume that we can quickly compute the product
y = Hx for arbitrary vector x of appropriate dimension, without
the need of having the matrix H available directly.

The main idea is to work with a low-rank approximation of
the Hessian H of size NV x N, which may look as

H~ UWU7T (13)

where U is a tall matrix of the size N x M, M <« N, and W
would be a symmetric M x M matrix. Then, the integer M can
be called rank of the approximation. Given (13) and applying

1655

the matrix inversion lemma, the expression (H + uI) g can
be estimated as

11
(H+pl) 'g~ 18 ;U(uW’l +UTUu) L(UTg).
(14)

This computation requires inversion of two matrices of the size
M x M, which is not demanding, if M is not too big. In total
it requires O(N M + M?3) operations.

The Krylov method [14], [15], being inspired by power
method of estimating eigenvalues and corresponding eigenvec-
tors, takes U as the orthogonal basis of the linear hull of

g, Hg, H?g,... . HM 'g].

In the Krylov basis, the first vector is taken arbitrarily or at
random, the only requirement is that it should not be orthogonal
to the leading eigenvectors. In our application, since we want
to compute (14), the initial vector is taken as the error gradient

g.Let U = [uy, ..., uy]. Computing the basis U can proceed
through the Gram-Schmidt orthogonalization process

w = oo (15)

gl
u; , = Hu, — ZujT(Hui)uj (16)

j=1

u’

Wiy = —+ fori=1,...,M —1. (17)

[y

In this construction, U is orthogonal, hence UTU in (14) is
the identity matrix. Next, the matrix W in (13) can be obtained
by multiplying by U” and U from the left and from the right,
respectively,

W = UTHU. (18)

Note that W is computed as a side product of the Gram-Schmidt
orthogonalization.

The product y = Hx can be computed with O(I R?) opera-
tions, where I = 4 + Ip + I and (14, Ip, I¢) is the size of
the tensor [12], [19]. One iteration of KLM executes this compu-
tation M times. The Gram-Schmidt orthogonalization requires
additional O(IM R?) operations. Computing the error gradi-
ent g requires O(I4IpIcR) operations. The total complexity
per iteration of KLM is then O(Ialglc R+ IM?R + M?3)
operations.

V. SIMULATIONS
A. Example 1: An Order-4 Tensor

We decomposed the tensor of size 5 X 5 x 48 x 256 that
is a part of the second convolutional layer of the celebrated
neural network Alex-net. Performance of KLM is compared to
the performance of the Nonlinear Least Squares (NLS) method
of Tensorlab. We can see a big difference between these two
algorithms: NLS is intended to minimize its cost function and it
does it very well and quickly. However, the decompositions ob-
tained by this method have a much higher sensitivity to possible
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TABLE I
OUTLINE OF THE KLM ALGORITHM WITH A LINE SEARCH

Input: tensor Y, initial factor matrices A, B, C of R columns, integer M,
range R of parameter p, say R = logspace(—2, 2, 20).
Repeat (until convergence)
1) Compute the error gradient g = [g4; 85;8c]-
2) Compute basis U of the Krylov space of rank-M
and corresponding matrix W.
3) For all u € R compute
d(p) = (H+ pl)~'g by (14)
Define d4,dpg,dc by d(u) = [vec(da); vec(dp); vee(d)]
A'(p)=A+da, B'(p) =B+dp, C'(p) =C+d¢
error(u) = || — [A (), B' (), C' ()] |2
4) Select the p with the minimum error(yx) and set the corresponding
update of A’(u), B’(p), C’ (1) as the next iteration of A, B, C.

End
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Fig. 1. Performance of Tensorlab and KLM method with M = 50 and rank
R = 200 (left diagram) and performance after applying EPC (right diagram).
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Fig. 2. Performance of Tensorlab and KLM method combined with EPC,
fitting error versus sensitivity. Order-4 tensor, R = 200.

errors or perturbations in the factor matrices. We demonstrate
this phenomenon in the plane of the sensitivity versus the fitting
error. We start both algorithms from the same initial point
obtained by random factor matrices followed with five iterations
of NLS. Then, we run the algorithms, and measure fitting error
and sensitivity after every N(j) iterations, where N(j) are
logarithmically distributed between 10 and 1000, 7 = 1,...,8.
The results are plotted in Fig. 1. We can see that NLS converges
much faster than KLM, but NLS produces results with much
greater sensitivity.

The sensitivity of the decompositions can be reduced by
applying the error preserving correction (EPC) called Alter-
nating Error Preserving Correction (AEPC) [26], in particular,
200 iterations of it. We started with the solutions provided in
Fig. 1, and the results are shown in Fig. 2. We can see that the
AEPC algorithm works well for not very low fitting errors, and
reduces the sensitivity significantly. However, when the fitting
error becomes close to its minimum, the sensitivity is large, and
it can be reduced only a little.

In the next experiment, we tried to improve the previous
results by alternating between NLS/KLM and EPC. After exe-
cuting N () steps of algorithms, we apply 200 iterations of EPC
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Fig. 3. Performance of NLS + EPC and KLM + EPC methods for order-3
tensor and rank R = 200 (left diagram) and R = 100 (right diagram).

(AEPC). In this way, a better trade-off between the fitting error
and sensitivity is obtained. The lowest fitting error of the value
23.23 was obtained by NLS, it was for sensitivity 2.02 x 10°.
The best fitting error obtained by KLM/EPC was 23.59 with
sensitivity 7.07 x 102, i.e., with sensitivity 30x lower. The
squared Frobenius norm of the original tensor was 196.25. It
means that the relative error of NLS was 11.9% for NLS and
12.5% for KLM. Note that the alternating way allows to achieve
lower fitting errors than the errors in the former experiment.

B. Example 2: An Order-3 Tensor

The order-4 tensor in the previous subsection has the meaning
of 48 x 256 of patches (convolution masks) of the size 5 x 5.
If we decompose the tensor as the order-4 tensor, all these
patches would have rank one. Some designers of CNN’s may
think that the requirement that all patches should have rank
one is redundant, and leads to a compromised accuracy of the
decomposition. In other words, we can also say that a higher
rank is needed to maintain the same accuracy.

Therefore we consider CP decomposition of the Alex-net ten-
sor reshaped to the size 25 x 48 x 256, and try to approximate
it by rank 200 and 100. Again, we decompose the tensor by
KLM + EPC and NLS + EPC, as in the previous example, and
show the performance in the plane sensitivity versus the fitting
error. Results are shown in Figure 4. We can see that KLM + EPC
provides a decomposition with nearly the same fitting error but
nearly ten times smaller sensitivity.

For rank R = 100, we were able to reduce the fitting error at
sensitivity s = 10% to the value of 48.15.

VI. CONCLUSIONS

We presented a new concept of CP tensor decomposition,
which takes the sensitivity of the decomposition into account.
We show that novel algorithm that is KLLM, provides estimates
with the lower value of sensitivity than e.g. NLS algorithm of
Tensorlab. In general, if the goal is to obtain low sensitivity
and low fitting error simultaneously, it is advised to combine
the CPD algorithms with the error preserving correction (EPC),
e.g., the AEPC algorithm. Constrained KLM can still improve
the results.
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